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Abstract. In this paper, an impulsive control approach is presented for the projective synchro-
nization of two different chaotic Hopfield-type discrete-time neural networks with delays. The
global asymptotic stability of the error dynamical system is studied, using linear matrix in-
equalities, vector Lyapunov functions and the stability theory of impulsive systems. Simulation
examples are given to illustrate the feasibility and effectiveness of the proposed approach.
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1 Introduction

In recent years, we have seen a rapid growth of theoretical and experimental studies on
chaos synchronization due to potential applications in secure communication, infor-
mation processing, pattern formation, etc. One of the chaos synchronization methods
that is most often discussed is the master-slave scheme, introduced by Pecora and
Carroll [1,2].

Impulsive synchronization allows the synchronization of the master and slave sys-
tems using small impulses generated by samples (called synchronizing impulses) of
the state variables of the master system, only at discrete time instances. This dras-
tically reduces the amount of information transmitted from the master system to the
slave system, making this method more efficient and useful in a great number of real-
life applications. After a finite period of time, the two systems behave in accordance
with each other and synchronization is achieved. In other words, this is equivalent
to the attractivity of the null solution of the error dynamics between the master and
slave systems. Therefore, the qualitative theory of impulsive dynamical systems and
impulsive control [3-5] plays a fundamental role in impulsive synchronization.

Impulsive synchronization has been applied to a number of chaos-based secure
communication systems, exhibiting good performance and proving to be more robust
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than continuous synchronization [6-9]. Recently, a large number of papers discussed
impulsive synchronization in continuous-time neural networks [10-15] and dynamical
networks [16-21], but very few refer to discrete-time networks [22-24].

Another interesting research problem is projective synchronization, characterized
by a scaling factor with respect to which two systems synchronize proportionally.
Applied to secure communication, this feature can be used to M-nary digital com-
munication for achieving fast communication. Projective synchronization phenomena
were first reported by Gonzalez-Miranda [25] and Mainieri and Rehacek [26], who
observed that when chaotic systems exhibit invariance properties under a special type
of continuous transformation, amplification and displacement of the attractor occurs.
Recently, several projective synchronization results have been presented for neural
networks using the adaptive approach [27], integral sliding mode controllers [28], im-
pulsive controllers [29] and the observer-based approach [30].

In this paper, projective synchronization results based on impulsive controllers
are developed for two different chaotic Hopfield-type discrete-time neural networks
with delays. The main synchronization result obtained here are based on linear matrix
inequalities and the vector Lyapunov function method [31]. An illustrative example
is also given, along with computer simulation results, with the aim of visualizing the
satisfactory control performance.

2 Main results

In the following, we denote Z_, = {—7 + 1,—7 + 2...,0}, ZT = {1,2,3,...} and
Zs =1{0,1,2,...}.
Consider the general discrete-time delayed Hopfield-type neural network in the
following matrix form:
{x(t) =Ax(t—1)+Tg(x(t—7)), t€Z* )
x(s) = ¢1(s) , SEL_;

where the matrix A is a diagonal matrix, the activation function g is of the form g(x) =
(g1(71), g2(22), .y gn(xn))T, g(0) = 0, T = (T}j)nxn is the interconnection matrix
and ¢1(s), s € Z_ represent the initial conditions. For simplicity, we choose equal
time delays, 7 € Z*.

Consider that system (1) is the master system, while the slave system is:

y(t)=Ay(t—1)+Tg(y(t—7)), teZt
y(t) = y(tr) + Jr(x,y) ket 2)
y(s) = d2(s) , SEZL_;

where A’ is a diagonal matrix, 7" = (Tz‘/j)nxn is the interconnection matrix, the

function ¢’ is of the form ¢’(x) = (g} (1), gh(x2), ..., g%, (xn)) T, g'(0) = 0, Jy, is the
jump operator, ¢2(s), s € Z_, represent the initial conditions, and the impulse times
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tr, € Z1 are such that
D=ty <t1 <..<tp<..< lim tp =00
k—oo
1 <7< inf (¢ — 1) =06
< _k€Z+(k+1 k)

A= sup (tgg1 —tp) <00
keZt

In the slave system (2), the meaning of y(¢;) is the following: y(#;) is computed
from the first equation and then replaced by y(t',f) according to the second equation
(impulse effect).
Projective synchronization is achieved between the master and slave systems (1)
and (2) if and only if
dm [[px(t) =y (8)]| =0 ©)

where p € R* is the scaling factor which characterizes the projective synchronization.
In what follows, we will consider that the jump operator Jj, takes the form

Jr(x,y) = Ap(px(tx) — y(tr))

where A, € R™*"™,
Let e = px — y be the error of the systems (1) and (2). It satisfies:

e(t) = Ae(t — 1) + (A — A)y(t — 1)+

+&p(x(t —7),y(t — 7)) ,tezt A
e(th) = (I - Ape(t) ezt @
e(s) = p¢1(5) — ¢2<5> = ¢p(s) L teZ .

where @, : R" x R™ — R" is defined by
Dy(x,y) = pTg(x) = T'g'(y).
In the following, consider h; : R? — R defined by:
hi(za, 1) = 791(36;2 _iz(yl) if w; # y;
0 ifx; =vy;
Let be the matrix function H : R™ x R™ — R"*™ by
H(x,y) = diag(h1(z1,y1), ha(z2,92), ooy R (Tny Yn))-
Since g(x) = (g1(1), g2(x2), ..., gn ()T, it follows that
9(x) —g(y) = H(x,y)(x — ).
On the other hand, let k; : R2 — R be defined by:
ki(yi) = glg(/ih) ify; #0
0 ify;=0
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Considering the matrix function K : R™ — R™*™ given by
K(y) = diag(k1(y1), k2(y2), -, kn(yn)),

it follows that

In the same way, we can express:

Therefore we obtain
D,(x,y) = pT [9(x) =g (07 'y)] +pTg (p™y) = T'g'(y)
= pTH (x,p7'y) (x = p~'y) + TK(p"'y)y = T'K'(y)y
=TH(x,p"'y)e+ [TK(p~'y) - T'K'(y)] ¥
=¥(xy)e+ 2,(y)y, Q)
where ¥,(x,y) = TH(x,p"'y) and 2,(y) = TK(p~'y) — T'K'(y).
In what follows, we will use the following notations:

e Foru,v € R, c = [c1,ca...,cr]T € (0,00)7, we define Q(u;v;c) € R™%" as

u—+v Jdfr=1
[uw 0 0. 0 vt
020.. 0 0 |,ifr>2
2
000..5= 0
L cr_1
e || - ||; the maximum norm defined on R":
2]l = max{|z1], |22, ..., [27[}
e ||| - |||~ the matrix norm induced by || - ||

.
1M1 = max 37 fmy|
SIST j:]-

The following theorem represents the main impulsive projective synchronization
result for discrete-time delayed Hopfield neural networks.

Theorem 1. Let be a positive-definite matrix P, the dot product (x,y) = x* Py and
the corresponding vector norm ||x|| = VxT Px. Assume that:
(i) There exist positive constants o, ag such that the matrix

APA—a,P  APW AP(A - A') APQ
Mix.y) = UTPA  WTPW —ayP  WTP(A— A vTPQ
’ (A— AYPA (A— APU (A— AP(A— A") (A— A')PQ
2TPA QT Py QTP(A— A QTPQ

N
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is negative semi-definite, for any x,y € R".
(ii) For any k € 7™, there exist positive constants {3y, such that the matrix

M(k) = (I — Ap)"P(I — Ag) — B P ®)

is negative semi-definite.
(iii) There exists ¢ = [c1,Ca, ...,c;] € (0,00)7 such that, defining the matrices Qj, €
R™7 (k € Z) as

Qi = Q(Brou; Braz; ¢)Q(ay; ag;c)r 17t )

with Q(u; v; c) given by (6), a1, g, and By, given by (i) and (ii), the following holds:

k
Jim (1:[1 Qi> c=0. (10)

Then the null solution of system (4) is globally attractive, i.e. the master system (1)
and the slave system (2) are globally synchronized with scaling factor p.

Proof. Let e(t) = e(t;to, ¢,) be the solution of (4) with the initial condition ¢,(s),
s € Z_. Consider the functional u(t) = |e(t)||? = e(t)” Pe(t).

Using ¥ and {2 to denote ¥ (x(t — 7),y(t — 7)) and 2(x(t — 7),y(t — 7)), and
B = A — A’ from (i) we obtain:

fe(t—1)]1" [ APA AP¥ APB APQ | [e(t—1)
o |et=7) vTPA TPy WTPB UTPQ | | e(t—1)
wt) =1yt —1) BPA BPY BPB BPQ | |y(t-1)
y(t—7)| | QTPAQTPY QTPB QTPQ| |y(t—T)
fe(t—1)1" [aaP 0 007 [e(t—1)
< e(t—1) 0 aP0O0| |e(t—7)
= ly(t—1) 0 0 00| |y(t—1)
y(t—7)] 0 0 00f |yt—1)
:ale(t — 17T Pe(t —1) + aze(t — 1) Pe(t — 1)
=aqu(t — 1) + agu(t — 7)

Moreover, using (ii) we have:
u(ty) = lleD? = (1 — Ave(ti)|” = e(te)" (I — Ax)"P(I — Ax)e(tr)
< Bre(tr)” Pe(ty) = Brulty)
Hence, u(t) satisfies the following inequalities:

u(t) <oaqu(t—1)+ agu(t —7), t € Z* T
u(ty) < Bru(ty) , kezt (1)

In the rest of the proof, we will rely on the fact that if () is a matrix with positive
elements, the linear mapping w +— Quw is non-decreasing, i.e. for any two vectors



164 E. Kaslik and S. Sivasundaram

w1, we satisfying wy < ws we have Quw; < Qws (the vector inequalities are consid-
ered component-wise).
We define the vector Lyapunov function V' : ZS’ — R7

V(t) = [cru(t) cout — 1) ... cou(t — 7+ 1)]T (12)
From the first inequality from (11) it is easy to see that
V(t) < Qar;ag;c)V(t—1) VteZ"

Hence:
V(t) < Qar; as; c)tﬁt’“V(tZ) Vit € (g, tpe1] NZ (13)

The two inequalities from (11) imply

u(ty) < Braqu(ty — 1) + Bragu(ty —7)
which leads to

V() < Q(Bra; fraz;e)V(tk = 1) Wk e Z7
From (13) we obtain
V(t]) <Q(Bran; Bras; €)Q(ar; ag; ) 1TV ()

=QeV(tf_) VkeZ*

and hence

vien) <]]@iv) ,vkez* (14)

—

i=1

We have
V(0) = [e1u(0) cou(—1) ... cru(—7 + 1)]T

< _ 2. _ 2
< max u(s) ¢ = max [le(s)[|” ¢ = max [[¢,(s)["

From inequality (14) we obtain

k
V() < max [¢,(s)]? (H @) c

i=1
Taking into account (iii), we obtain
lim V(tf) =0
A Vit
From (13) we have
V)l <[Q(ar; ag;e) = V()|
<[NQ(ar; ag; ) ||V () -

<lN@Q(ons azs ) [ IV (D) -
<llQay; a; )IFNVE) |Vt € (trtrsa) NZ
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which implies that lim V' (t) = 0. As
t—o0

le(®)]I* = u(t) < éIIV(t)IIT

it follows that e(t) tends to 0 as ¢ tends to infinity, which completes the proof. O

The Schur complement [32] is a useful tool for establishing wether a matrix is
positive (or negative) (semi-)definite. We have the following result.

Proposition 1 (See [32].). Let M € R™*"™ be a symmetric matrix partitioned as

M— {Mn M12]

Mli’; Moo
in which M is square and nonsingular. Let
M /My = Moy — MM Mo

denote the Schur complement of M11. Then:

(a) M > 0 ifand only if M1; > 0 and M /My, > 0;

(b) M > 0 ifand only if M1; > 0 and M /My, > 0.

where” > 07 means positive definite and” > 0" means positive semi-definite.

Remark 1.
W) IfT"¢'(y) = pTg(p~'y), it follows that £2,(y) = 0. Moreover, if A = A’, we
can easily see that the matrix M (x,y) given by (7) becomes:

APA — oy P APV 00
vTPA wTP¥ — ;P00

0 0 00

0 0 00

M(x,y) =

Therefore, the Schur complement M /M;; = 0, and the matrix M (x,y) is negative
semi-definite if and only if

APA— o P APW
Min(x,y) = [ 7TPA WTPW—OQP} <0

(ii) More, if A = al, with a € (0, 1), the matrix M1 (x,y) given above becomes:

_ (a® — ay)P aP¥(x,y)
Mulxy) = [aw(x,y)TP W(x,y)T PU(x.y) - asP
Since P > 0, we have that (Mj;)11 = (a® — a1)P < 0if and only if a1 > a?.
The Schur complement of (Mj1)11 is
aq

WW(X’Y)TPW(X,Y) —azP

My /(M) =

and taking into account that ¥ (x,y) = T'H(x,y) we obtain

aq

My /(M) = H(x,y)TTPTH(x,y) — azP

o — a?
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Assuming that the activation functions g; are Lipschitz continuous, it follows that
there exists L > 0 such that |h;(x, y)| < L for any i = 1, n. Therefore, we obtain that

OZ1L2

ay —a?

M /(M) < TTPT — apP

If the right hand side of this inequality is negative definite, it follows that M1 /(M71)11
is negative definite as well.

Remark 2. If Ay, = axl, ai, € R, the matrix M (k) given by (8) becomes:
M(k) = [(1 - ar)® = Bl P

and it is negative semi-definite if and only if (1 — az)? < 3.

Remark 3. Condition (iii) of Theorem 1 means that the solution of the linear system
Zi11 = Qrzy (inR7) (15)

with the initial condition zy = ¢, converges to 0.
If for any k € Z we have [, = [3, the matrices ) defined by (9) become:

Qr = Q(Bay; Baz; €)Q(ar; agy )+ -1t

Since § <t — tr—1 < A4, it follows that for any k& € Z, the matrix @)j, belongs to the
finite set of matrices

Q = {Q(Ba1; Baz;c)Q(ar;az;c)™ !, me {6,6 +1,..., A}}.

Therefore, the system (15) is a switching system.

Moreover, if t;, — t_1 = 6 = A for any k € Z, then the system (15) reduces to
an autonomous linear system, with the matrix Q = Q(Ba; Bas; €)Q(ay; ag;c)? L.
In this case, condition (iii) of Theorem 1 is equivalent to ¢ belonging to the stable
eigenspace of the matrix Q).

In the following, based on the results obtained in Theorem 1, sufficient conditions
for the impulsive projective synchronization of non-delayed neural networks will be
given. With this aim, we will consider 7 = 1 in systems (1), (2) and (4).

Proposition 2. Assume that T = 1. Let be a positive-definite matrix P, the dot prod-
uct (x,y) = xT Py and the corresponding vector norm ||x|| = vxT Px. Assume
that:

(i) there exist positive constants o1, cig and By such that conditions (i) and (ii) of The-
orem 1 holds.

(i) there exists € € (0,1) such that

Brlag + ag)te -1 < ¢ VEk > k.

Then the null solution of system (4) is globally attractive, i.e. the master system (1)
and the slave system (2) are globally synchronized with scaling factor p.
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Proof. To verify that condition (iii) of Theorem 1 is also fulfilled, it is enough to notice
that since 7 = 1, we have:

Qr = Brlar + ag)t* =1 < e VE> k.
Hence for any k£ > k we have

k k

iy k
[[o: < [[e =30
=1 i=1

and based on Theorem 1, the proof is complete. O

3 Example

We consider the following master system

z1(t) =axi(t — 1) + T tanh(z3(t — 7))
x2(t) = axa(t — 1) + Tsin(z1(t — 7)) ,teZt (16)
z3(t) = axs(t — 1) + T tanh(z2(t — 7))

where ¢ = 0.5 and 7 = 3.

Based on the theoretical results obtained in [33], it can be shown that the null
solution of (16) is asymptotically stable if and only if 7" € (—0.534,0.5). At T = 0.5
a Cusp bifurcation takes place in system (16) and at 7' = —0.534 a supercritical
Neirmark-Sacker bifurcation occurs. If |T'| is sufficiently large, the system (16) will
exhibit chaotic behavior.

The Lyapunov characteristic exponents for T' € (—2,0) are presented in Fig. 1.
The collision of the two largest Lyapunov exponents for 7' = —0.534 corresponds to
the supercritical Neimark-Sacker bifurcation. For T' € (—1.52, —0.534), the largest
Lyapunov exponent is null, which corresponds to the existence of an asymptotically
stable limit cycle. As T' decreases bellow —1.52, the largest Lyapunov exponent be-
comes positive, suggesting chaotic behavior in system (16).

For example, for T' = —1.7 we obtain that the two largest Lyapunov exponents
are positive: 0.03 and 0.002 respectively. Hence, the system (16) is hyperchaotic in a
neighborhood of the null solution. Indeed, considering the initial conditions:

x(—2) = (—2.86584, 0.438859, 1.73719)
x(—1) = (—3.12197,1.91191, 0.620975) (17)
x(0) = (—3.24297,2.1437, 1.88233)

the trajectory of (16) is shown in Fig. 2.
The slave system that we consider for projective synchronization is

yi(t) = ayi(t — 1) + Tptanh(p~lys(t — 7))
Yyo(t) = aya(t —1) + Tpsin(p~'yi(t — 7)) , teZ* (18)
ys(t) = ays(t — 1) + Tptanh(p~tyz(t — 7))

t

5) =y(te) + ar(px(te) — y(tx))  keZ*t
with p = 0.5, ax, = 0.7 and ¢, = 8k.

Null initial conditions have been considered for the slave system. Figures 3-5
show that projective synchronization is achieved with scaling factor p = 0.5.
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Fig. 1. Lyapunov characteristic exponents for 7" € (—2,0).

Fig. 2. Trajectory of the master system (16) with 7" = —1.7 and initial conditions (17) (5000
iterations have been plotted).

Fig. 3. Trajectory of the slave system (18) with 7" = —1.7 and null initial conditions (5000
iterations have been plotted).
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Fig. 4. Norm of the synchronization error e(t) =
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Fig. 5. Evolution of z; (blue - master system) versus y; (red - slave system), i = 1, 2, 3.

4 Conclusions

In this paper, sufficient conditions for the projective synchronization by impulsive con-
trollers of general delayed discrete-time neural networks have been given. Numerical
results show good agreement with the theoretical findings. Extending these results
to more complicated neural network models with different types of time-delays may

constitute a direction for future research.
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