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1 Introduction

We are interested in stydying the chaotic behavior of solutions to reaction-
diffusion type equations with nonlocal and local nonlinearities; namely, we will
deal with the following problems

0

5~ Autgteu) =0, (ta)e(0,7)x 2, (1)

uw(0,2) =ug () e W2 (), z€0, T>0 (2)

ul| pryxon =0, 2CR", n>1, 992¢€ Lip (3)
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where 2 C R"™ is an open domain, the boundary 0f2 satisfies the Lipschitz
condition, g : LP* ((0,T) x §2) — LP2 ((0,T) x §2) is a nonlinear operator and
p1,p2 > 1 are fixed numbers. We assume that g (¢, z,u) is represented in one
of the following forms:

(@) : g (t,z,u) = allull§uth (t,z), or(B): gt z,u):=a(t,z)lul” uth(t,z),

(4)
where ||-||, denotes the norm in L% (£2), h (t,x) and ug (x) are given functions
and p > 0, a > 0 are given constants. The problems posed above are investi-
gated for the both cases separately: in the case of a nonlocal nonlinearity (i.e.
(4(c))), and in the case of a local nonlinearity (i.e. (4(5))).

We shall demonstrate that the partial differential equation (1) in the case of
the nonlocal nonlinearity (i.e. the case (4(«))) can possess an infinite number of
different non-stable solutions. In the local case (4(8)), which differs markedly
from the nonlocal case (4(«)), the problem allows an infinite number of dif-
ferent both non-stable solutions, traveling along the space axis with arbitrary
speeds, and traveling impulses, as well as an infinite number of different spatio-
temporal (diffusion) chaotic states. These solutions are generated by cascades
of static bifurcations of the evolution equation, which were studied, in partic-
ular, in [20]. As Ya. Sinai asserts in [19] ... the future of the chaos theory
will be connected with new phenomena in nonlinear PDEs and other infinite-
dimensional dynamical systems, where we can encounter absolutely unexpected
phenomena”.

The dynamics becomes much more complicated in the case of dynamical
systems generated by partial differential equations (PDEs) largely due to the
formation of spatially chaotic patterns. More generally, such systems may
display interactions between spatially and temporally chaotic modes. One of
the most challenging problems in this field is that of turbulence which displays
statistical behavior in temporal and spatial directions, whose correlations decay
with distance in space and time, see e.g. [9,14,25]. It should be pointed out
that there have been many investigations on this and related topics (see, for
example, [1,2,6,7,5,11,15-17,19,25,26] and the references therein).

In what follows we study the Cauchy problem for an equation of the non-
dissipative reaction-diffusion equation type with an infinite-dimensional solu-
tion space; in particular, the corresponding steady-state problem has also infi-
nite number of the different solutions. We show that the trajectories of solutions
in the phase space depend on choosing the starting point from a sphere of the
initial values. To be more precise, this choice determines how the solution be-
have beginning at this initial value and depending on the related Lyapunov ex-
ponent. The choice of starting point allows to determine the point at which the
solution of the problem will end up. If the limiting set is not one-dimensional,
more complications can arise, including even the existence of absorbing man-
ifolds. Moreover, if such absorbing manifolds exist, their associated dynamics
tends to be chaotic. We study this type of dynamic behavior and explain how
space-time chaos can arise.
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2 Existence in the autonomous case

2.1 The nonhomogeneous case

We begin by studying the problem in the case (4(«)) when g (¢, z,u) := a||ul|§ u+
h(z), i.e. we consider the problem

%_Au_a’uu”’[){u:h(x)7 (t,m)E(O,T)X(L (5)
u(0,2) = ug () € Wy (2) := Hyg (12), ul jo.myx00 = 0. (6)

From (5) we compute that

1d
5o I @I+ IVu O = allu O™ = (b}, Ju O3 = lwol}  (7)
which entails the inequalities

2 2 2 2
i @l < = [Vu (t)||22 +2a lu O™ + [1Allg- <
+
< =Mlull3) + 2a flu (@)1 + 1Rl

where ||u(t)||Hé = [[Vu(t)|l, and Ay > 0 is the first eigenvalue of the
Laplace operator —A : H} (2) — H~1(02).
Now we consider the solvability of this problem, which will be analyzed

making use of the general results from [21]. We take ug € Bfgé (0), where ro <
A1, and study the operator A generated by the problem: it acts, by definition,
from X := W12 (0,T; H~'(22))n L (0, T; Hy (2)) N {u(t,z) | u(0,z) = ug}
to L? (07T; H! (Q)) Next, we study the image of this operator A on the
ball B;X (0) for r € (0,79); more precisely, we define a subset M of the space
L?(0,T; H (£2)) and a number r € (0,r), such that A (B (0)) € M C
L?(0,T; H=* (£2)). In other words, we shall show that the problem is solvable
in BX (0) for any (h,up) € M x Bgé (0). A detailed investigation requires
some preliminary estimates.

1
So, let ug € Bﬁo (0) for some number ro < Ay; then we obtain

d

O3 < =2 lu (1 +2a w57 + 1Al

Consequently, it is enough to study the following initial problem

d(y+er)/dt+ A (y+e) <2a(y+e)™™, y(0)= Huollilé o (8)

where y (t) := ||lu (t)||§, p1 = 5. Assume that the constant ¢; is chosen in such
a way that the inequality

2a (y + cl)ler1 — Ay > Hh||§{,1 + 2ay”r

holds.
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Whence, one finds that

— _pl
S Nipiz = —ap, 2= (y+e) ", 2(0) = (lwol} +er)

which gives

- —pP1 2 2
(y + Cl) P1 > (HUOH; + Cl) e/\1P1t + )\70“ _ /\70’6/\1/)175 —
1 1

-1
Py

2a P1
e ()13 +ex < e (Jhuol3 + 1) [1 =5 (hwolly +e)™ (1= e—mlt)}
(9)

Therefore, we see from (9) that the functions ug and h should be selected
from balls of respective spaces so as to satisfy the inequality

2
2a p1 A |
1_*(”“0”5"‘01) >0:>||U0||§+cl < ’1

10
)\1 2a ( )

Moreover, it follows readily from (9) that ¢; < 0.

So, we obtained that for the solvability of the problem posed the initial data
and the exterior source should be [20,21] small enough. Consequently, one can
formulate the following proposition.

Proposition 1. Let the initial data ug and h satisfy the inequality (10) with
parameters Ai,a,p and ¢1 defined above hold. Then the problem (5) - (6) is
solvable in the ball B} (0) for any he M C H™*

where M := {h € H~'| (h,u) < (A(u),u), ue Sy (0)} and

2 1
ro < min (%) ° ;)\f} some number.
Proof. We will make use of the formal solution to the problem (5) - (6):

w(t) = exp {tAY uo + aOt/ exp {(t = 7) A} [u (P|% u (7) dr+

0+t/exp{(t77)A}dToh.

For the evolution operator exp {tA} one has the estimate: |exp {tA}| <
exp {—A1t} (see, for example, [13] ). Thus, we obtain:

lu (Ol < exp{=Aut} [[uolly + a0t/ exp {1 (t = 1)} Ju (7)|I5 dr+

1— 67/\115

0+t [ exp{~Au (£ = )} dr -l = ol + 5 [+

—|—a0t/ exp{-A (t—7)}|u (TWSH dr,
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where \; > 0 is, as before, the first Laplace operator eigenvalue. Whence,
one observes that there exists a number r1 = 1 (A1, ||k, a, p) < A1 such that
||u0||p+1 < r1. Then ||u (t)||, decreases as t T oo (at least, for ¢ € (0,t1) where
t; > 0 is some positive value), and consequently for any ¢ > 0.

Now, taking account the above property of the solution in the equation

d
7 1 O + Ve )5 < 2allu @157 + -l

it follows from (7) and (8) we obtain a priori estimates, which suffice to com-
plete the proof of this proposition. Moreover, we have the following estimates

—(Au, ) = a{fu@®)fuu) = [Vu @) —alu@)s? > [Vu@)]; -

A% la OIS [1Vu @)]l5 = [1Vu @) (1 - % IIU(t)|’5> > 6||Vu (1)

as in this case ||uo||5 < %, and consequently |lu (¢)]5 < % for ¢ > 0. Hence,

it is enough to use the existence theorem from [21] on the ball BX (0), where

2
rog < (%) * and u € ng (0). Indeed, this implies following inequalities on
Wh2(0,T; H})

ou
<(%—Au—a|u||pu 7_|_ > H +§%HVU” -
a p+2 p+2
Vv 0
e Tl Sl [l —

ou ? 2 p+2 2 a p+2
| T IVul® —alul +* *|| I? *llvull —mllu\l >
du|? 2 p p+2
el T IVull || | +* *|| I*+ 5 HV I* - —— 5 llul

(

which when integrated with respect to t yield

u|? 2 12 1 2

o [ 1[G + 01 19l? | dr 1l )+ 5 19l (2= 4 e ) -

1
ol 3 19l ol 2 o7 [ || 24 4 o e o )+
2 1 a P 1 2 1 2 a p+2

- _z _z v >

IV (1) |5 = g ol ()] = 5 ol = 5 19l + 2 ol
8’11, 2 2 2

of [ || + 50 17| a5 1l @) + 2 191? (@) = € ol ..
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Now we consider the following inequality (v — v = w)

ou P v P _
<8t Au —allul|”u E—i—Av—i—aHvH v, U v>_

ow 1
(G = A= alullw= ol v).w) = 5l 0 + Vol () -

a([lull”u = [jv]|” v, w) > % loll” (8) + Vel (#) = a (p + 1) [all” wl® (2) (12)

where © = [ (u,v) is a bilinear mapping. Thus, we conclude that all condi-
tions of the general theorem from [21] are fulfilled on the ball B;s (0), thereby
completing th proof of the proposition by virtue of the inequalities (11) and
(12).

2.2 The homogeneous case

Next, we consider the homogeneous case of (5) - (6) and study the behavior of
its solutions. First, we need note that in this case (i.e. h(t,z) =0, a = 1) that
(8) and (10) yield the following inequalities:

— 2a — a 2
@157 2 32 +2{luoll” = 52| 2

or,at a =1,

2 _ 1 ﬁ—p
@l < [ +2 (1ol - ) 5]

Therefore, )\% + 2 (Hu0||2_p - )\1*1) eM3t > 0 for any t > 0, for which the the

inequality [Juol|5 < A1 is sufficient.
We now set h (t,z) = 0, a = 1 and investigate the problem (5) - (6) for the

initial data satisfying the condition uy € Bgé(m (0) Cc HY () if rf < A1 In

this case we have
d 2 2 2
2 1 @llz +2[Vu @)l = 2r° () lu @)1l = 0,

which gives rise to the differential inequality

C @ < 200~ ) u ()13

equivalent to

(@l < exp{ -2 (00 [ 0u = () dr) } lu .

Under the conditions imposed above there exists, owing to the continuity of
the function w (¢), an interval (0,¢), (¢ > 0) such that Ay —r?(¢t) > 0 for
t € (0,t'). Thus, one easily computes that

2 2 2
lu @)z < exp{=2 (A1 = 76) t} luolly < uollz < g (13)

for any ¢t > 0. As in the previous case, it is easy to prove the following result.



Chaotic Modeling and Simulation (CMSIM) 1: 119-140, 2017 125

1
Proposition 2. Let h(t,z) = 0 and a = 1. Then for any uy € Bg“(m (0)
H} (92) the problem (5) - (6) is solvable for any t > 0 if rf < X\i. More-
over the mapping (semi-flow) F (t) : ug — u(t) is such that L? strongly

F(t) (Bfﬁém) (0)) 50 ast? .

3 Longtime behavior of solutions

Let h € L?((0,00); H™1(£2)) and ug € H (£2) with the norm \|o||§lé(m =

[Vo||2. We assume that the Laplace operator —A : H} (2) — H~' (2) has
only a point spectrum, i.e. o (—A) := op (—A) C (0,00) . Denote the eigenval-
ues of the Laplace operator —A by A;, 7 =1,2,... (op (—A) :={)\;| j € N}).
This, of course, requires that the domain (2 is sufficiently regular in a geometric
sense.

Now we consider the problem (5) - (7) in the case g (t,z,u) = |Jul|fu +

h (¢, z), and investigate the inverse mapping of the operator f (¢) : Bfﬁ(”) (0) C
Hj (2) — H™'(£2), where f(t)u := 0u/0t — Au— |lu||fu and ro > 0 is
some positive number.

For simplicity, we assume that the eigenfunctions and adjoint eigenfunc-
tions are total in the space H{ (£2); moreover, we may assume without loss of
generality that they generate an orthogonal basis in this space.

Let inf{\; € op (=A): \; >7f, j=1,2,..} = A\g,. Then, we can rep-
resent [12,13,18,20,24] the space H} (£2) in the form H{ (2) := Hy, ® H_g,,
where the subspace Hy, C Hj (£2) is related to {)\j}l?ozzl and has dimension
dim Hy, = ko — 1 and H_y, is a subspace of codimH_j, = kg — 1. We can now
introduce the projections Q, and Pyy; Qk, : H (2) — H_y, C H} (£2) and
Py, : H} (2) — Hy, C H} (£2), giving rise to the splitting u := Qgyu + Pgyu.
(It is well known that such a decomposition allows to introduce either a spectral
measure or a family of spectral projections (see, for example, [10,7], etc.)

Thus, it is easy to see that —A : Hy, — H,;O and —A: H_, — H:ko,
where the subspaces H, , H”; possess bi-orthogonal bases (see, for instance,
[10,7,?] ), and owing to the evident commutativity of operators Py, and Qj,
with the Laplacian A in H} (£2), one can rewrite the problem as

& Pryu— APy~ [l Pogu = Py (1,2) (14)

0 *

anOU_AQkou_ ||U||5Qk0u: Qkyoh(tax)7 (15)
Pkou(O,x) = PkO'LLO (1‘) c Hko (- H& (Q), (16)
Qrow (0,2) = Quyuo (x) € H_y, C Ha (22), (17)

with imposed above the condition (3), where Py and @y are the adjoint
operators to Py, and Qg,, respectively.

For the investigation of the problem above we shall consider the following
differential-functional expression

E (u) = 5 — [lu (Ol + [[Vull3 (6) = llull () - Jull3 (1),
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for ue H((0,T) x 2).
As our aim is the investigation of the behavior of solutions of the problem
under the condition uy € Bﬁo(”) (0), 0 < 7§ < Ag, it is enough to study the

homogeneous equation case. Therefore, we assume h (¢,z) = 0. Then for the
problem (14) - (15) we obtain

1d
B (Poyu) = 52 [Pl () + 1V Pegull3 (6) = (Jlullf |1 Peul3) (8) =0, (18)
(Piot Prou) | =0 = |[Pryull5 (0) = | Pryuoll - (19)

Whence, it follows that for some to > 0 for ¢ € [0,¢) we have [[ul5 (t) <
76+ 60 < Ap,, for some 6 > 0. Indeed if ||ugl|, = 70, then we have from (18) -
(19) that

d

Pl () + 20001 = 77 (0) [ Prgul} (6) 2
4
dt

and consequently we obtain the inequality

| Protell3 (£) + 2(Akg—1 — 7 (0)) || Pyull5 () > 0

[ Proull5 () > exp {—2(Ano—1 — r§)t} | Peuolls - (20)

Thus, we see that if ||Qr,ull, () < § < 6 < ry for some sufficiently small
6 >0and ¢t €[0,%), then the solution of problem (18) - (19) exists and is an
exponentially increasing function.

Now consider the problem (16) - (17) for which one easily obtains

j_Ld
T 2dt

(Qrot, Qro) | =0 = Qo3 (0) = || Qoo -

Therefore, the solution of problem (21) exists and is an exponentially decreasing
function. Consequently for ||Qryuolly + || Protolly = 70 if |Qrowolly < || Protolly
and [|Qr,uol|, is sufficiently small, then the solution ||u||, (¢) exists and is an
increasing function up to some t; > 0.

To study in detail the behavior of solutions to the problem we will make use
of the following assumption: the system of eigenfunctions {wy},-, C Hg (£2)
comprises an orthonormal basis of this space. Then each function u (t,z) €
L?((0,T); Hg (£2)) has the representation u (t,x) = k = loo) uy (t) wy (z).
Consequently, owing to (14) - (15), the problem is equivalent to studying the
system of equations

B (Quu Qo () + 19 Qo3 (1) — (1l 1 Quyul2) (1) =0, (21)

(M)

5 g e OF +xe o O = (i = 1003 s (OF) " fu (O =0 (22)
with the Cauchy data

lug (0))* = Juor]®, k=1,2,.... k.
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1
Let u (0,z) € Bﬁo(”) (0) and [Juo||y < 70,

then we have ||u||§ (t) = (z =100 |u; (t)|2) < r¢ + ¢ for sufficiently small

t = t(e,ro) > 0. But |uy (t)]> will increase in this case for k = 1,2, ...,k <
ko depending on the relationship between |Jugl|/s and Ay (therefore, between r(
and Ag).

Consider the behavior of |uy (t)| for all & = 1,2,.... Define [lugl|, := 70
for some ro > 0. Let us list all of possible cases: 1) rf < A1, 2) I\, :
Ako—1 < T < Ao and 3) Ik, : 7§ = Ag,. The case 1) was already investigated,
therefore we will consider here only cases 2) and 3).

Consider either the case 2) or 3), i.e. Ik, : Adgg—1 < 785 < A, and I, -
76 = Ak,. We have the following system of equations

1d
=3= lug (6% + M Jur ()2 =7 (8)° ug, (8] =
1d 2 p 2 2 2
= 5 e OF + e =7 (07 lur (17 fur ()7 = Juok|”, k= 1,2,..., (23)

where u (t,2) := k = 100d uy (t) wi, (z). It is easy to see that this system of
equations is of interest only for the cases k > ko, k < kg — 1 and k = kg
separately. In case 2) if k > kg this part of the system has a solution that is
unique as t < to (k,rg) for some to (k,r9) > 0. Formally, we can determine the
solution of each equation from (21) to be

|lug (£)]* = exp {—2 <)\kt - tO/r (ﬂ%ﬁ)} luok|® . (24)

Thus, if we consider the expression (21) for k < kg — 1 in the case 2), it follows
from (22) that

lug, () = exp {—2 ()\kt - tO/r (T)pd7'> } luo)® > exp {2 ( (0)° — Ag) t} |uol?,

as 7 (t)” > A\ for 1 <k < ko — 1 and some t > 0. Consequently, the sequence
|ug (t)] increases for each k : 1 < k < kg — 1 leading to the the increase of r (t)
as long as || Py, uol|, is sufficiently greater than ||Qg,uol|5-

For case 3) for some k = ko one has 7 = A\, for which

o (B = exp {—2to [ o=y dr} o ?

by virtue of (22). Here the function 71 () := \g, — r ()" equals zero at t = 0,
but in general its variation is not known. Thus, it is impossible to obtain a
monotonicity result for a solution to this equation, since the behavior of 7 (¢)
is not known. As we shall explain further in the sequel, the behavior of r (¢)

depends on the geometrical properties of the initial data ug of sphere Sfl 0 (0),
0<r<rg.

From the previously mentioned relationships it is clear that in order to
investigate the behavior of the parameter r (¢) one should study both || Py, u||,
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and [|Qr,ull5 . It is easy to see that if the condition 2) is assumed, then || Py, u/|,
increases, and ||Qp,u||, decreases as t > 0 at least nearby zero in virtue of (18)
and (22). Using the orthogonal splitting u = Py, u + Qp,u, we also find that

2 2 2
[ullz = [ Proullz + [|Qroully - (25)

Thus, the behavior of the functional ||u||§ (t) depends on the relationship be-
tween the values ||Pgyuoll, and ||Qrouolly - Let [Juolly == ro, Apg—1 < 75 < Ak
and consider (25) , i.e.

3 (8) = [ Pagulls (8) + 1 Qroulls (8) =k < koY fur ()] +k > koY Jur (£)]7
(26)

It is now necessary to investigate the following three cases:
a)ug =k < ko — 1> uppwy € P, (H& (.Q)) = Hp,; b) ug :=k > koY uorwy €
Qro, (HY (2)) := H_y, and ¢) g = k > 1> uppwy, , when c¢1) [|Qryuoll, <
| Peytiozlly and c2) [Quyolly = | Protio ], separately.

Consider a): in this case we have
lug, (£)]> = exp {2 (At —t0frP (1) dr)} lugr|? for any k = 1, ..., ko — 1, thus
,ug (t) = 0 for k > ko since 72 = 7 (0)% := k < kg — 13 (uox)® and r (£)* :=
k< ko — 13 |ug ()%
On the other hand, in this case ()\kt —t0[r? (1) dT) < 0 as r§j > A for each
k=1,...ko— 1 and r? (t) increases as t T co.

Now let us consider case b), i.e. 72 = (0)> := k > ko> (uox)” .

Then
g () = exp {—2 <)\kt - tO/r” (r) dr) } fuon 2

for any k > ko,

giving rise to uy, (t) = 0 for k = 1,2,..., ko — 1, since (At — 07 (7)"dr) >0
as 76 < A\ for each k > ko and r” (t) decreases as ¢t 1 oo. It follows from
continuity that |jul|, (t) = r(t) < ro for all ¢ > 0 and k > k¢ for any solution

to the problem

Sk (OF + O = 7 (7)) s (O = 0, [k (0)F = fuon

The above results show that for the cases A, > r° (0) > Ay,—1 and ¢) we need
to consider the space decomposition H := Hy, & H_j, = H} (£2) (P, (H) :=
Hy,, Qu, (H) := H_y,), by means of which one analyze the intrinsic behavior
of the corresponding solutions. Let the space H := H} (£2) be representable,

if rg .= ||u5k0||2k + Hu(')"kOHZ .+ in the vector form
20 —ko

H:= {u = (u;:o,u;o) : uz'o € Hyy, uy, € H_ko}.
Then the following proposition follows directly from the above discussion.

s iy , _ 2
Proposition 3. Under the above conditions if H“OkoHH e ||ugk0 and
—Fo

2
2.

if the rate of decrease of the norm Hu;o (t)HiI . s greater than the rate of
—ko
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decrease of the norm Huzo (t)”: , then there exists t > 0 such that |uy, (t)]
ko
~ ol— 2 L2
decreases fort > t. On the other hand, if HUOkO ||Hik0 < ||u0k0 HHkO and the rate
of increase rate of the norm Huzo (IS)HZIc is greater than the rate of decrease of
0

Hu;o (t)HZ_kO , then there exists t > 0 such that |uy (t)| increases for t > .

Now we will proceed to investigation of the behavior of solutions that start
at a fixed function with the norm fixed by the number ro : Ag,—1 < 7§ < Mg, -
As H = Hy, ® H_j, and for each u € H there holds the decomposition
u(t) = ug'o (t) + uy, (t) for any ¢ > 0, then it is enough to study the case

. + . _ .
when HUOkU HkaO > H“Oko HHkO Indeed if we set ||ug|| = ro and r¢ satisfies the

inequality A\g,—1 < 1 < Ag,, then each of solutions to the problem (14) - (15)
satisfies one of the following statements:

1. If up lies in Hy, or in a small neighborhood of the subspace Hy,, then
|ug ()] T oo ast 1 oo for k =1, ko — 1, moreover since in this case r (¢) increases
gradually and so in time is greater than each A\, for k > ko, i.e. in this case
|ug (t)| gradually increases for all k;

2. If ugp lies in H_j, or in a small neighborhood of the subspace H_p,,
then |ug (t)| } 0 as t 1 oo for k > kg, moreover since in this case 7 (¢) decreases
gradually so that in time it is less than each Ag, i.e. in this case |uy, (¢)| gradually
decreases for all k;

3. If ug € H such that HuO—koHH,kU & HuOJFkOHHkO , then there is a relation

between of ug, (t) and ug, such that the behavior of the uy (t) is chaotic for
all k for which ug (0) # 0.
4. If ug € H such that HuEkUHHik and Hu(')"kOHHkO are different, then the

solutions are still connected by some relations.
As the Claims 1. and 2. were proved above, we need only study Claim 3.
Consider the representation of the formal solutions (22) to the problem (21):

lug, (£)] = exp {2 (/\k.t - t()/r (T)PdT)} luok|®, k=1,2,....

It is known that |ug (t)] increases for k : 1 < k < kg — 1 and decreases for
k > ko by virtue of Proposition 3, depending on the difference \x —r (0)”. But
as r2(t) := Hu,;OHiIkO (t) + Hu;:OHiLkO (t) holds in a vicinity ¢t = 0, r () can
change depending on the behavior of |ug (¢)| as k > ko and k < ko — 1 vary;
consequently, the corresponding subspaces of H change, i.e. 7 (t)” can become
greater than Ay, or less than Ay, _;. This variation of r (t) is very complicated,
as the variation depends on relations among the behaviors of uy (¢) in the case
when k > kg and k < kg — 1, which may give rise to chaos.

We now investigate Claim 4 with an eye toward the question of whether or
not there is an attractor for the operator resolving the problem (14) - (15).
Toward this end, we will consider the following system of differential equations

d

Ey (u) := 7

(u (t),we) + (Vu(t), V) (8) = ullg (¢) (u (), wi) = (hywi) ,
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where {wy, (z)},o, are eigenfunctions of the Laplacian —A in Hg (£2) corre-
sponding to the eigenvalues {A,},-, respectively, by virtue of the imposed
conditions.

Whence, it follows that

d
Ek (u) = %uk (t) + )\kuk (t) — ||u||§ (t) Uk (t) = hk (t) s k= ]., 27

As our aim is the investigation of the behavior of solutions of the problem
under the condition ug € ngo(f?) (0), Akg—1 < 1§ < Ap, it is enough to study the
homogeneous equation case. So we assume h (t,2) = 0. Then for the problem
(14) - (15) we obtain the following problem Cauchy

Ej (u) = %Uk (t) + Aeur (t) — [Jullg () ux () =0, (27)
(u(®),we)| =0 = ur ()| 1=0 = wok, k=1,2,....;kg—1 (28)

Whence, for some ¢y > 0 for t € [0,t9) we have ||ul|§ (£) < 78 +& < Ay, for
some ¢ > 0. Indeed, we have from (18) - (19) that

%wc () + (e = llully ()ur (8) =0, wx (0) = vog,

which leads to the formal solution of the Cauchy problem

i (1) = exp {—Ot/(/\k. e (T))dT} ok = exp {—Akt + Ot/rp () dT} ok

(29)
Hence, if A\g,—1 < 7, then uy, (¢, z) increases in the vicinity of zero if oy (z) >
0 for k = 1,2,...,ko — 1 and the part || Py, uol|, is sufficiently greater than
1@uotiol-

Let ug € Hg (£2) and |lugl|, = ro, then the above expression implies that
the behavior of the solution ug (t) depends on the relationship between rg and
Ak and also between || Py, uoll, and ||Qryuol|s-

Consider the behavior of |ug ()| for all & = 1,2, ..., in the case when I\, :
Ako—1 < T < Aiy- We have the following system of equations

0= %uk () + Awtug (£) — 7 (£)° g () =

= %uk (t) + ()\k -Tr (t)p) U (t) , Uk (0) = UQk, k= 1, 2, ceey (30)
where u (t,x) := k = 1ood uy (t) wi, (z). It is easy to see that this system of
equations is of interest only for the cases k > ko, k < kg — 1 and k = kg
separately. If k > kg this part of the system has a solution that is unique as
t < ty(k,ro) for some ty(k,rg) > 0 if ||Qr,uol|5 is sufficiently greater than
| Peyuolly- Formally we can determine the solution of each equation from (21)
in the following form:

uk (£) = exp {— ()\kt 10 / r (r)? dT> } o - (31)
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Thus, considering the expression (21) for k < kg — 1, it follows from (22) that

|ug (t)| = exp {— (Akt — tO/r (7)” dT)} luor| > exp {(r (0)” — \) t} |uox]

as 7 (t)” > A\ for 1 <k < ko — 1 and some ¢ > 0. Consequently, the sequence
|uk (t)] increases for each k: 1 < k < ko — 1, if the part || Py, uo|, is sufficiently
greater than ||Qg,uo||y, that renders the increase of r (¢).

Consider the representation of the formal solutions (22) to the problem
(21):

up (t) = exp {— (/\kt - tO/r (T)? dT) } wor, k=1,2, ... (32)

It is known that |ug (t)] increases for k : 1 < k < kg — 1 and decreases for
k > ko by virtue of Proposition 3, depending on the difference A\ — r (0)” and
the relation between | Py uoll, and [|Qx,uoll,. Thus, concerning the system
(22) for k we need to study the expression \x — r (0)” which is negative owing
to the conditions imposed. But the behavior of functions |uy(t)| cannot exactly
explain the behavior of functions wg(¢), and also the behavior of the solution
u(t,x). Consequently, we need to study the behavior of functions ug(¢) in
greater detail.

So, from the expression (32) under the corresponding relation between
| Peouolly and ||Qrouolly is clear that if uor, > 0 (uor < 0) then wy (t) > 0
(ug (t) < 0) and in addition if Ay — 7 (0)” > 0 then in the case ugr > 0 we see
that uy, () decreases, in the case ugr < 0 we see that uy, (t) increases, but |ug ()]
will decreases at least in some vicinity of zero. And next let A, —r (0)” < 0, then
when wugr > 0 we see that uy () increases in the case ugr < 0 we see that uy, (t)
decreases, but |uy(t)| increases at least in a vicinity of zero. If Ay — 7 (0)” =0
then wuy (¢) does not vary at least in some vicinity of zero.

Thus, we obviously need to investigate the behavior of r () for various initial
function ug (z) in the case when |ug|| = r¢. So as A\ — rf > 0, the functions
|ug ()| decreases and converge to zero when t 7 oo for k > kg, where ko > 1
is such that Ay, — 5 > 0 and A\g,—1 — r§ < 0. Therefore, the behavior of r (t)
essentially depends on the selections of uy (0) for 1 < k < kg — 1.

It is clear from the above analysis that need to consider the expression
u(t,z) = k> 1> ug (t)wg (z) for the solution and the expression wug () =
k > 1> uopwg (x) for initial data. Let rq > 0, then there exists kg > 2 such
that A\g, > 78 =7 (0)” > A\g,—1 and [Jug|| = ro.

Using the orthogonal splitting u (t) = Py u(t) + Qr,u (t), we obtain the
following expressions:

ug (x) =k > 1Zu0kwk (x)=ko—1>k> IZuokwk (2)+k > kOZuokwk (x)

and
u(t,x) =k > 1> ug (t) wg (z) =

=ko—1>k> IZuk t)wg (x) + k> kOZuk (t) wg (). (33)

There exist ¢t; > 0 and ty > 0 such that Py u(t) of (33) can increases
in (0,t1) and Qi,u(t) of (33) decreases in (0,t3) if any of their terms are
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nonnegative functions. Let min {¢1,¢2} = 1, then when ¢ > ¢; these summands
can behave quite differently. Here are the possibilities: 1) the velocity ||ul| (¢)
becomes greater than rg for t > t;, moreover r(t)p > A, for ¢ > 1, so the
orthogonal splitting v = Py u + Qk,u changes and becomes, at least, u =
Pryp1u+ Qpy—1u; 2) Qp,u decreases of to a point where ||u|| (¢) is smaller than
ro for t > t1, moreover r (t)” < Ag,—1 for t > t1, so the orthogonal splitting
u = Py u+ Qp,u changes and becomes, at least, u = Py, _1u+ Qp,+1u; 3) there
exist a tg > t; and an Ry > || Py u| > R1 > 0 such that beginning at to the
changes of Py u and Q)i,u become such that

() = Ju @I = ko~ 12k > 13 Jux (O +k > koS g (6)

satisfies Ry < r(t) < Ry for t > to.

Consider the case 1). In this case we have the following possibilities: a)
Py, u increases with such velocity that ||ul| (¢) ,* oo, which can takes place
when wg (z) is chosen in the vicinity of the subspace Hy, (this scenario is
studied in Proposition 3); b) rate of growth of Py u diminishes beginning at
time ¢ and the function w (¢,x) behaves as in case 3, which we will explain in
what follows. The case 2) has have 2 variants: a’) Qx,u decreases with such
velocity that [Ju]| (£) \, 0 leading to the inequality 7 (¢)” < A1, which can take
place when ug (x) is chosen in the vicinity of the subspace H_, (this variant is
also studied in Proposition 3); b’) rate of decrease of Qx,u diminishes beginning
at some time ¢ and leading to case 1)b).

Consequently, it remains only to investigate case 3). It is clear that this case
can occur when Py uo assumes both positive and negative values. Therefore,
we consider special initial datum and try to explain case 3 for such functions.
So, let Pyoug = Ugkg—1Wko—1, 1.€. Ug (T) = Ugky—1Wko—1 () + Qroto () and
|luo|| = ro. Then we obtain the following: wuy,—1 (£) changes with such way that
|ug,—1 (t)| increases with ¢ and |ug,—1 (£)|” — Ag,—1 when t 7 oo; moreover,
|Qrou (t)]] decreases with increasing ¢ and therefore || Qg u (t)|| — 0 when
t / oo. Hence, [[ul|” (t) Ny Agy—1 as t  co. In other words, the increase of
| Prou|l and decrease of |Qp,u (t)|| compensate for each other in such a way
that this process leads to the case described above.

Thus, it not is difficult to see that in order to obtain the above result, we
need to select upg,—1 in the vicinity of the subspace H_y,, which depends on
the given 7o : 75 € (Agg—1, Ak, )- Accordingly it follows in the case when Py, ug
increases, the corresponding ugg, 1 < k < kg — 1, must be chosen as done
previously. Moreover, in this case there is a Aj, such that ||Py,u (¢)|| 7 Aj, =
inf {\g| 1 <k<ky—1, upr #0} whent oo .

Therefore, there exists a “double cone” with the “vertex at zero” that con-
tains the subspace H_j, and all elements are contained in some neighborhood
of H_p,. In addition, the maximal distance between of the elements of this
subset and the subspace H_j, depends on the given ry. Now, we denote
this subset by H C H}. Tt follows from this definition that any subset of

~ 1 1
HN {Bﬁo (0) — Bgo (0), 11 >1re > O} converges to a set, which we can de-

H} .
fine as Hg, N B)\jc[’) (0), where 71,79 are some numbers with Ag, —1 < 75 < g,
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and there is a Aj;, = inf{A\;| 1 <k <k; —1, uopg # 0} and ky = kq (r1). This
shows that the obtained set is subset of a finite-dimension space and it is local
attractor in some sense.

Thus, we have proved the following result.

Theorem 1. Let all the imposed above conditions hold and ug € Hg (£2) whose
norm ||uo|| = ro satisfies the inequality Ag,—1 < 1§ < Ai,. Then each solution
to the problem (14) - (15) satisfies one of the following properties:

1. If ug lies in Hy, or in a sufficiently small neighborhood of the subspace
Hy,, then |ug (t)] T oo ast T oo for k =1,ko — 1, moreover since in this case
r (t) increases and gradually it will be greater than each A for k > ko, i.e. in
this case |uy (t)| will gradually increase for all k;

2. If ug lies H_g, or in a small neighborhood of the subspace H_g,, then
|ug (8)] 4 0 as t 1 oo for k > ko, moreover since in this case r(t) decreases
and gradually it will be less than each Mg, i.e. in this case |ug (t)| gradually
decreases for all k;

3. Ifug € H, || Pryuol|| < ||Qrouoll and if there are small numbers § (Ag,) >
€ (Aky) > 0 such that for the Hausdorff distance

e<d(H_p;{ug| k=1ko —1}) <0 (34)
holds, then the behavior of the u (t,x) is chaotic for sufficient large t. And also,

if H“&coHH,ko ~ Hua'kOHHko , then there is a relationship between ugy, (t) and

uarko for which the behavior of the uy, (t) is chaotic for all k satisfying ug, (0) # 0

Remark 1. If 3. of the above theorem obtains, then the following claim is
reasonable: for any Ay, there is a subset By, C Hg (£2) for which (34) holds
and for any ug € By, the corresponding solution u (t) satisfies the condition

Nio < lulls (t) < Agy  foranyt > 0,
and
hmtToo ||u(t)||§ = )‘ju = inf {>\k | 1 S k S /C() - 1, Uk 7é 0}

then there is an absorbing chaotic set in L? (£2).

4 Problem (1) - (2): the case (3)

Let the mapping g have the local nonlinearity as in the case (3), i.e. now we
consider the following problem:

u (07'73) = Ug (I‘) € H(} (“Q) ’ ’U,’ [0,T)x882 — 0. (36)

Here p, p > 0 are some numbers, {2 C R" is a domain with sufficiently smooth
boundary 912 or 2 := R", h € L?(£2).
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Rewriting (35) in the form

ou

g = Autplul”uth() = (A+plul’)uth(z),

we can easily express the formal solution to this problem in the form

u (t) = exp {tA + utO/ lu (7)|” dT} (uop +h). (37)

Whence, we obtain the estimate

Jull () < exp {10 [ (<314 wlull, (7)) ar | (ol + 18]

for u (t) € H} for a.e. t > 0, where \; is first eigenvalue of the operator —A :
H} — H~'. Moreover, it is not difficult to see that from (35) - (36) one can
obtain the following problem

5 lulls () = = IVl (8) + ulullf 5 () + (how) (1),
2 2
[[ullz (0) = [luoll; -

4.1 Existence of a Solution

First, we consider the case h (x) = 0. Then from (4) we obtain the estimate

ol ) < exp {10 [ (= + ol (7))} el

where ¢y > 0 is the constant of the embedding inequality for L2 (£2) C L? (02).
This inequality shows that we can study problem (35) - (36) using the previous

A | P
Hcoc1

c1 is the constant of the embedding inequality for Hi C Lf*?(£2). In the

approach from Section 2 in the case of the ball Bﬁg (0) for ro < " where

other words, we can study the solvability only locally for uy € Bﬁé (0) and
0<p< A

n—2"°

Now, we deal with problem (4) in the other way. Let p < —%, then the
following interpolation inequality (G-N-S inequality) holds

1-6 0 _ pn 4
Jullpsa < llall™ IVullz, 0= 52750 < 5

for u (t) € H} and n > 3. Thus, we get

+2 2 2(1-0 20
lallf 5 (8) = lull 4o (&) lullZ40 () < ellull) ey () Tl 3"~ [Vall3’,

where A )
<2 and 20-0)=12P(n=2
(p+2)

(p+2)
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and consequently

2(p+2)

lullf 3 (1) < C (e, ) Hullpiz”("*” @) lull3 (8) + < [Vul3 ). (38)

Thus if p satisfies the inequality 0 < p < =, then p% < p+ 2, where

€ > 0 is the small parameter.
Taking into account the inequality (38) and equation (4), we find that

1d
5 Iull3 (6 = = IVl (6) + s ull 533 () < = |Vl (8)+
42(?{)2) 2 2
HC (£, 0) [ull, 55777 (@) Jully (8) + & [ Vul () =
2(p+2)

— (1= &) [IVul3 () + uC (e,0) [l 22" @) [lull3 (1)

Thus, if we choose € = ¢¢ > 0 a fixed small number, then we find, owing to the
previous approach, that

2(p+2)

G300 < [~ (= 20 € 0 T 0] 1l 0.

or

Jull (0) < exp { =00 [ | (1= c0) M+ 1€ () T (T | e}l ).

(39)

Consequently, in this case we need to study the problem under the variants
. 2 — ..

(i) - the case when HUOHZi2 < %)\1; and (#) - the case when ||uo||";i2 >

m)‘l’ separately. It follows from the above estimate that in the case (i)

we can prove of the existence theorem on the ball Bﬁg (0) using the approach in
Section 2 (or using of the method of compactness [22,23], since it is not difficult
to see the operator generated by the problem (35) - (36) is weakly compact).

Hence, (39) implies that|u|, (t) decreases if uy € Bﬁé (0) in the case
1

when rg < w;éif&,cﬂl] o) (here Cy > 0 is the constant of the embedding

theorem). Therefore, ||u|| ;4 (t) < ||uolly for t > 0, i.e. the following statement
is verified.

Theorem 2. Let h(z) = 0 and the following conditions be satisﬁed' (1) 0 <

+2 +2 D
P S %7 HUOHZ+2 S CO ||u0||p mAl; o < [mAl} g (here

i
P

Co > 0 is as above); or (2) 0 < p < —4- and ug € BA (0) forrgy < Mocl

(here co > 0 and c1 > 0 are such as in the starting part of this section).
Then problem (35) - (36) is solvable in By (0) (or BX (0)) for all ug €
ro

1 1
Bg" (0) (or ug € B (0)), moreover, the solutions u (t) are contained in the
T0o

Hj Hg
closed ball By, (0) (or BX° (0)) fort>0.
0



136 Prykarpatski et al.

Remark 2. Tt should noted that if we consider the problem (35) - (36) for
h (z) # 0, for example, as in the case (1) then using the same approach we get

ou 1d
(G = Au=ulul” ) =3 5 W3 Ol O -l 13 0 < 1ol Tl

and it is not difficult to see that here, as in the case (1), we need to determine
the balls By (0) in X and Bgl (0) in Y (here Y = H~! or L?(£2)), where 7
and Ry depend on (A1, p, i, Co) as well as each other. However, we shall not
go into this case here.

Consequently, we consider here only the case h (z) = 0, so that we need

to study the posed problem in the variants (i) - the case when ||u0HZi§ <
m)‘l’ and (i1) - the case when HUOHZIS > m)\l, separately.
4.2 Blow-up Solutions
Consider the case (ii). Denote the functional
1 2 o2
F@):= 5 IVully () = ——= llullpiz (2)
for which
d p
%F(t) = (Vu, Vug) — p(Jul” u,u) = —02 | Auuy—
u2 [ 1l e == [ Juf® == Jully . F O] im0 = F (0),
then we get
F @)= F O =10 [ Jully = 5 Vuol = =2 fuallz3 = o0 [ .
Now consider the derivative of the functional G (t) = ||u||§ (t)
1d p 2 pt2
370 @) = (u,w) = (Au+ plul”u,u) = = |[Vally @)+ lullpys (8) = =2 () +
21
2 2 2 2
p+2 lullpra (8) = = [IVuoll; + b2 \|U0||Ziz+2t0/|\ut\|2+ 5 lullis @)
ie.
1d 1d 2 p+2
33500 = 5 Il 0 = =25 ©)+20 [l + L2 a3 0>

CLUP +2 1 2
=21 (0) + bt2 [ull 57 (1), G(0)= 3 llwoll -
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So we obtain the problem

d 2cq pup o2 2
—G(t) > —4F 2 =
GG =P 0+ =20 60 =
which shows the finite-time blow-up of solutions of the posed problem. Indeed,
there are two variants or F (0) < 0 or F(0) > 0. If F (0) < 0 then for G (t) we

obtain

d 2c1up £+2 2
> 2 = )
7= 12 G@) =, G(0)=uoll (40)

Clearly, if p > 0, the solutions of the problem (40) have finite-time blow-up.
Accordingly, we have proved the following result.

Theorem 3. Let the initial function ug € Hg N LPF2 () satisfy the condition

p+2

1 2
3 IVuollz — [uollprz < 0.

_H
p+2
Then if the local solution of problem (14) - (15) is sufficiently smooth, this
solution has a finite-time blow-up in H.

4.3 Solution Behavior

Now consider (35) - (36) in the general case. For a detailed investigation of the
behavior of the solutions, we will use the same approach as in Section 3.
Let the eigenfunctions of the operator —A : H} — H~! be as in Section 3,
then any function v 6 H0 has the representation v (¢, z) 1= k = 1ood vy (t) wi ().
Thus, we have 2% — Au — pjul’u=0; u(0,2) = uy,

=

i(dlgt(t)"‘)‘j“j( > N’Z t)wj (x ‘ Z] 1 uj (t) wj (x) = 0.

j=1
(41)

Now, if p < -2, then |u|’u = v, (t,z,p) € L*(2) for all u € H'. Con-
sequently, we have vu (t,z,p) = k = 100> _vF (t, p) uy (t) wi, (x) € H. Tt is clear
that the variation of v¥ (t, p) depends on t in R, as at any point ¢ the function
v¥ (t,p) = (i (t). Moreover, as we saw in the previous section the variation
of u (t,2) depends on the relationship between ug and A.

Consequently, we can rewrite the problem (41) in the form

J =1loo Z (duj Ajuj (£) — ol (¢, p) u; (t)> wj (z) =0

Uj (0) = quv j = 1,2,...

Then, if we take into account that the system {w; (ac)};”; is an orthogonal

1
basis in L? ({2), the problem (41) is equivalent to the system of the problems

du; (t)

0 s (8) = e (1 p) g (1) = 0, (42)
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Uj (O) = Uoj, j = 1,2,...

So to study the behavior of solutions of the problem (35)- (36,) it is enough
to study the system of problems (42) with solutions

uj (t) = exp {—tO/ (Aj — ol (t,p)) dT} uoj, J=1,2,...

Thus, we obtain the flow which determines the solution via these formal
expressions. Now, if S(¢) is the flow determined by problem (42), we can
rewrite S(t) as S(¢) := S(t + cu(t, p)), as far as S(t) depends on x via u.

uj (t) = e_(tof(Aj_“Ui(t’p)>dT) Uug. (43)

Here we get that the behavior of the solutions depends not only on the time,
yet depends strongly on the location of points x in {2 belonging to the solution
support as far as the quantity of v (¢, p) depends of the locally variations of
quantity of v in {2. Consequently, (43) demonstrates us that this case of the
spatiotemporal states essentially differs from the case (5) - (6). In other
words, for fixed j € Z; there are possible two choices: either A; < wol (t, p)
or \; > uvi (t,p), depending on the state of (t,x) € Ry x {2.

Consequently, to explain the possible variants in this case we can argue as
in Section 3 to obtain the following result.

Proposition 4. Suppose p < % , Ug € Bgé (0) and there are subsets with
nonzero measure in 2 on which \jy11 > ug (x) > Ay, for some ig > 1. Then,
the behavior of the solution depends sensitively on the variation of vi (t,p), i.e.
it has spatio-temporal chaotic dynamics.

Thus, we can conclude, that as in the previous problem, chaotic dynamics
occur, but unlike the previous case, the chaos is spatio-temporal.
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