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This work continues the study of a mathematical model of the Krebs 

cycle. With the help of spectral analysis of the kinetics of the process 

obtained at the variation in a small parameter, the scenario of 

changes in the cyclicity and the appearance of a strange attractor 

in the metabolic process of the Krebs cycle is found. The projections 

of a phase portrait and the histograms of projections of the invariant 

measure of a strange attractor are constructed. Some conclusions 

on the connection between the functional state of a cell and the self-

organization in the Krebs cycle are presented.   
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One of the most important problems of the natural science is the 

search for the common physical laws of self-organization in the 

Nature. A particular place is occupied by the studies of the life 

origin and the way in which the catalyzed enzymatic reactions create 

the internal space-time ordering in the life of cells. 

Among the various metabolic processes, the Krebs cycle is 

general for all cells [1]. The principal place is occupied by the cycle 

of tricarboxylic acids. Practically all metabolic paths converge to it. 

Its study will allow one to find the general regularities of the 

functioning of a cell [2-10]. 
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But, it is impossible to construct a reliable mathematical model 

of only the Krebs cycle, because the internal parameters of a cell are 

unknown. Without the comparison of solutions of the model with 

experimental characteristics, the model will be abstract and will not 

correspond to the real dynamics of the metabolic process. Therefore, 

as the base of the process, we will take the well-known 

biotechnological process of growth of cells Candida utilis on 

ethanol [11]. For it, the experimental characteristics are available, 

and the mathematical model was constructed in [12,13]. The 

calculated parameters of the model describe properly this process. 

Taking the mentioned model of the biotechnological process as 

a base, a new improved mathematical model of the dynamics of the 

metabolic process of the Krebs cycle in a cell was developed in [14-

16].  

 In the study of that model, we obtained the following results. 

The autocatalytic processes resulting in the appearance of the 

self-organization in the Krebs cycle and the cyclicity in its dynamics 

are determined. The structural-functional connections creating the 

synchronism between the auto-periodic transfer of electrons along 

the respiratory chain and oxidative phosphorylation are considered. 

The conditions for the violation of the synchronism of processes, 

increase in the multiplicity of their cyclicity, and appearance of 

chaotic modes are established. The phase parametric diagram of the 

cascade of bifurcations, which indicates that the  transition chaotic 

modes occurs by the Feigenbaum scenario, was obtained. The 

fractal nature of the calculated cascade of bifurcations was 

demonstrated. The strange attractors that are formed due to the 

folding are found. 

In addition, we studied a change in the cyclicity of the Krebs 

cycle as a function of the amount of accumulated carbon dioxide, 

being the final product of the oxidation. The scenarios of various 

oscillatory modes of the system were constructed and studied. The 

bifurcations with the doubling of periods and the appearance of 

chaotic modes were determined. The cycle multiplicity is doubled 

by the Feigenbaum scenario, until the aperiodic modes of strange 

attractors have arisen eventually. From them, new stable periodic 



 Chaotic Modeling and Simulation (CMSIM)  1: 35-50, 2021       37 
 

 

 

modes arise due to the self-organization. This means that the system 

is adapted to the variable conditions of a medium. The complete 

spectra of Lyapunov's indices and the divergences for various 

modes were calculated. For strange attractors, we calculated the KS-

entropies, “predictability horizons,” and Lyapunov's dimensions of 

attractors. 

The consistency and stability of the cycle of tricarboxylic acids 

that depend on the dissipation of a transmembrane potential formed 

by  the respiratory chain in the plasmatic membrane of a cell were 

studied. The phase parametric characteristic of the dependence of 

the dynamics of a changing level of ATP in the dissipation of a 

transmembrane potential were constructed. The scenario of the 

formation of multiple autoperiodiс and chaotic modes was found. 

The Poincaré cross-sections and mappings were constructed. The 

stability  of modes and the fractality of the calculated bifurcations 

were studied. Some conclusions about the structural-functional 

connections of the cycle of tricarboxylic acids and their influence 

on the stability of the metabolic process were made. 

In the present work, we will account for the formation of carbon 

dioxide in the Krebs cycle and its influence on the metabolic process 

in a cell. Moreover, with the help of spectral analysis, projections of 

phase portraits, and the invariant measure, we will study the 

formation of strange attractors.   

 

 

MATHEMATICAL MODEL 

 

The general scheme of the metabolic process in cells Candida 

utilis in the biotechnological process of growth of cells on ethanol 

is presented in Fig. 1. With regard for the mass balance, we will 

develop a mathematical model of the given process (1) - (19). 

Though the equations describe the whole metabolic process in a cell, 

we will focus only on the metabolic process of the Krebs cycle. The 

introduced additional equations do not complicate the solution of 

the problem, but make it more substantiated and practical.      
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Fig. 1.  General scheme of the metabolic process in a cell Candida 

utilis in the biotechnological process of growth of cells on ethanol. 
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  (17) 

 

 (18) 

 

                                                (19) 

 

where:  is a function related to the adsorption of 

the enzyme in a region of local coupling. The variables of the system 

of equations are dimensionless.  

 

Internal parameters of the system:  

      

  

     

  

      

   

      

  

      

  

   
External parameters of the system that determine the running 

conditions of a bioreactor: 
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The model includes the processes of substrate-enzymatic 

oxidation of ethanol to acetate, cycle of tricarboxylic and 

dicarboxylic acids, glyoxylate cycle, and the respiratory chain. 

    

The study of the solutions of the given mathematical model 

(1)-(19) was carried out with the help of the theory of nonlinear 

differential equations [17,18] and the developed methods of 

mathematical modeling of biochemical systems [19-47]. 

        

 

RESULTS OF STUDIES  

 

We now consider how the final product of catabolism of 

hydrocarbons, CO2, influences the cyclicity of the process with 

tricarboxylic acids.  In Fig. 2, we show the phase parametric 

diagram of the dependence of the dynamics of the process on the 

rate of formation of CO2 in a cell. It is regulated by the parameter 

 and affects the level of the oxygen breathing of a cell. The value 

of this parameter depends on the intensity of gas exchange of a cell 

with the environment. The high level of CO2 in a cell decreases the 

concentration of oxygen which is necessary for the full-value 

breathing of a cell, so, the respiratory chain is not oxidized 

opportunely. On the contrary, if the level of oxygen is high, the 

intense oxidation of the respiratory chain and the rapid turnover of 

the Krebs cycle occur, and the cyclicity multiplicity of the process 

grows. 

 The diagram is constructed for the variable  with 

.  It is seen that the transitions between the auto-

periodic modes and to the chaos are realized by the Feigenbaum 

scenario.  From the diagram, we find the most characteristic modes 

for the Krebs cycle such as the auto-periodic cycles of the regular 
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attractors: ; ;  

 and  strange attractor: .   

 For them, we constructed the spectral patterns of the expansion 

of the kinetic curve   in a trigonometric Fourier series. They 

are shown in the upper right corner for each spectrum. In the 

expansion, we took 1000 harmonics, and the expansion interval 

 which is equal to the interval for the kinetics of a strange 

attractor Fig. 3,d. This allows us to correctly calculate all harmonics 

for possible oscillatory modes of the system, including those for a 

strange attractor. The multiplicity doubling for a periodic mode (see 

the transition from Fig.3,a to Fig.3,b and to Fig.3,c) causes the 

doubling of the number of basic harmonics that characterize the 

multiplicity of the laminavrity of a phase trajectory of the attractor. 

At the transition from Fig. 3,c  to Fig.3,d, the cycle is not doubled. 

Therefore, the multiplicity of basic harmonics was not increased. In 

Fig.3,d, we see a significant increase in the harmonics both 

turbulence (compare Fig.3,d and plots in Fig.3,a,b,c).  The phase 

trajectory of the system becomes unstable and is characterized as a 

strange attractor. In such mode, the strict synchronism between the 

Krebs cycle and the oxidative phospholylation is violated. The 

desynchronized Krebs cycle continues to execute its function, but 

without a strict periodicity, which means the adaptation of the 

metabolism of a cell to the external conditions.  

 Thus, the spectral patterns of the expansion of a kinetics of the 

metabolic process in a Fourier series describe the scenario of 

formation of attractors in the system, as a small parameter varies. 

This enables us to study the other unknown modes.      
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Fig.2. Phase parametric diagram of the system for the variable 

. 

 

 

 
Fig.3. Distribution of harmonics of the Fourier spectrum in 

modes of the metabolic process of the Krebs cycle: 

  a – regular attractor ; 

  b – regular attractor ; 

  с – regular attractor ; 

  d -  strange attractor .   

 

In Fig.4,a-f, we present the projections of a phase portrait of the 

strange attractor . It is seen from these 

projections that the given chaotic attractor is formed due to the 
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presence of a funnel. Any turbulence in this region of the phase 

space causes the violation of the stable laminar motion along a 

trajectory of the system. The process becomes unstable and holds 

only in a vicinity of the trajectory. Thus, the metabolic process of 

the Krebs cycle continues to operate, by adapting to changes in the 

environment.  

For a clearer representation of the motion of a trajectory of the 

system in the phase space, we calculated the invariant measure of 

the given strange attractor and constructed the histograms of 

projections of the invariant measure on various planes (Fig.5,a-d). 

These histograms are more informative than the projection of a 

phase portrait and give the idea of solutions of the system in the 

phase space in the strange attractor mode. 
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Fig.4. Projections of a phase portrait of the strange attractor 

: 

a – on the plane ;  b -  on the plane ;  c - on the plane 

; 

d - on the plane ;  e - on the plane   ;  f - on the plane 

. 
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Fig.5. Histograms of projections of the invariant measure of a 

strange attractor 

, : 

a –  on the plane  ;  b – on the plane ; 

c – on the plane   ;  d – on the plane . 

 

 

CONCLUSIONS 

 

With the help of the expansion of the kinetic curve for a variable 

of the system in a trigonometric Fourier series, we determined the 

scenario of changes in the cyclicity of the process and the 

appearance of a strange attractor within the mathematical model of 

the Krebs cycle. We constructed the projections of a phase portrait 

and the histograms of projections of the invariant measure of a 

strange attractor. Some conclusions about the functional 

dependence of the self-organization  of the metabolic process of the 

Krebs cycle on the amount of the final product of oxidation, carbon 

dioxide, are made. If the synchronism between the process of the 

Krebs cycle and oxidative phospholylation is violated, a strange 

attractor appears in the dynamics of the metabolic process, which 
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means the adaptation of metabolism of a cell to changes in the 

environment.          

 

The present work was partially supported by the Program of 

Fundamental Research of the Department of Physics and 

Astronomy of the National Academy of Sciences of Ukraine 

“Mathematics models of non-equilibrium process in open system” 

N 0120U100857.   

 

 

REFERENCES 

   

1. Krebs H.A., Johnson W.A. // Enzymologia. - 1937. - No. 4. - 

P.148-156. 

2. Bohnensack R., Sel’kov E.E. // Studia biophysica. – 1977. - 66. 

– P. 47-63. 

3. Lyubarev A.E., Kurganov B.I. // Molekul. Biolog. – 1987. – 21, 

No. 5, P. 1286–1296. 

4. Kondrashova M.N. // Biofiz. – 1989. - 34, Iss. 3. -  P.450-457. 

5. E.M.T. El-Mansi, G.C. Dawson and C.F.A.Bryce. // Comput. 

Applic. Biosci. – 1994. –10, No. 3. – P. 295-299; 

6. Ramakrishna R., Edwards J.S., McCulloch A., Palsson B.O. // 

Am. J. Physiol. Regul. Integr. Comp. Physiol. – 2001. - 280, No. 

3. – P. R695-R704. 

7. Cortassa S., Aon M.A., Marban E., Winslow R.L., O’Rourke B. 

// Biophysical Journal. – 2003. –84. – P. 2734-2755. 

8. K.Yugi, M. Tomita. // Bioinformatics.  – 2004. - 20. - P. 1795-

1796. 

9. Singh V. K., Ghosh I. // Theoretical Biology and Medical 

Modelling. - 2006. –3. – P. 27. 

10. Mogilevskaya E., Demin O., Goryanin I. // Journal of Biological 

Physics (2006), 32(3-4), P. 245-271. 

11. Armiger W.B., Moreira A.R., Phillips J.A., Humphrey A.E. // 

Utilization of cellulose materials in inconventional food 

production. – New York, Plenum Press. 1979. – P. 111-117. 

12. Gachok V.P. Kinetics of Biochemical Processes. – Naukova 

Dumka, Kiev, 1988. (in Russian) 



48   V. Grytsay 
 

 

 

13. Gachok V.P. Strange Attractors in Biosystems – Naukova 

Dumka, Kiev, 1989. (in Russian) 

14. V.I. Grytsay., I.V.  Musatenko,  Self-organization and fractality 

in a metabolic processes of the Krebs cycle. Ukr. Biokhim. Zh.  

85,  No.  5,  191  (2013). https://arxiv.org/abs/1710.09252 

15. V. Grytsay.,I. Musatenko,  Nonlinear self-organization dynamics 

of a metabolic process of the Krebs cycle.CMSIM, 3,  207  

(2014) 

16. V. Grytsay.  Lyapunov indices and the Poincare mapping in a 

study of the stability of the Krebs cycle. Ukr. J. Phys. 60, No. 6, 

564(2015). https://arxiv.org/abs/1602.09054 

17. V.S. Anishchenko,  Complex Oscillations in Simple Systems. 

(Nauka,Moscow,1990)  (in Russian). 

18. Kuznetsov S.P. Dynamical Chaos. Fizmatlit, Moscow, 2001)  (in 

Russian). 

19. V.I. Grytsay. The self-organization in a macroporous structure 

of  a gel with immobilized cells. The kinetic model of a 

bioselective membrane of biosensor. Dopov.NAN  Uk. No 2, 175 

(2000). 

20. V.I. Grytsay. The  self-organization in a reaction-diffusion 

porous medium. Dopov. NAN Ukr.  No. 3, 201 (2000). 

21. V.P. Gachok ,  V.I. Grytsay. The kinetic model of a macroporous 

granule with the regulation of biochemical proceses // Dokl. AN 

SSSR 282, No. 1, 51 (1985). 

22. V.P.Gachok., V.I. Grytsay, A.Yu. Arinbasarova, A.G. Medentsev, 

K.A. Koshcheyenko, V.K.  Akimenko.. Kinetic model of 

hydrocortizone 1-en dehydrogenation by Arthrobacter 

globiformis . Biotechn. Bioengin 33, :661 (1989), 

[DOI:10.1002/bit.260330602]. 

23. V.P. Gachok, V.I. Grytsay, A.Yu. Arinbasarova, A.G. 

Medentsev, K.A. Koshcheyenko,  V.K. Akimenko. Kinetic 

model for the regulation of redox reactions in steroid 

transformation by Arthrobacter globiformis cells. Biotechnology 

and Bioengineering.  33, 668 (1989). [DOI: 

10.1002/bit.260330603]. 

https://arxiv.org/abs/1710.09252
https://arxiv.org/abs/1602.09054


 Chaotic Modeling and Simulation (CMSIM)  1: 35-50, 2021       49 
 

 

 

24. V.I. Grytsay. Ordered structures in the mathematical model of a 

biosensor. Dopov  .NAN Ukr. No. 11, 112 (2000). 

25. V.I. Grytsay. The self-organization of the biochemical process 

of immobilized cells of a bioselective  membrane of a biosensor, 

Ukr.Fiz. Zh ., 46, No. 1, 124 (2001). 

26. V.I. Grytsay. Ordered and chaotic structures in the reaction-

diffusion medium.  Visn. Kyiv. Univ. No. 2, 394 (2002). 

27. V.I. Grytsay, Conditions of self-irganization of the prostacyclin-

thromboxane system. Visn. Kyiv. Univ., No. 3, 372 (2002). 

28. V.V. Andreev, V.I. Grytsay. Modeling of nonactive zones in 

porous granules of a catalyst and in a biosensor. Matem. Model.  

17, No. 2, 57  (2005). 

29. V.V. Andreev,  V.I. Grytsay. Influence of the inhomogeneity of 

running of a   diffusion-reaction process on the formation of 

structures in the porous medium. Matem. Modelir. 17, No. 6, 3 ( 

2005). 

30. V.I. Grytsay,  V.V. Andreev. The role of diffusion in the 

formation of nonactive zones in porous reaction-diffusion media. 

Matem. Modelir. 18, No. 12, 88 (2006). 

31. V.I. Grytsay. Unsteady conditions in porous reaction-diffusion. 

medium. Romanian J. Biophys.  17, No. 1, 55  (2007. 

32. V.I. Grytsay. Uncertainty of the evolution of structures in the 

reaction-diffusion medium of a  bioreactor. Biofiz. Visn., Iss. .2 

(19),: 92 ( 2007). 

33. V.I. Grytsay. Formation and stability of the morphogenetic field 

of immobilized cells of a  bioreactor. Biofiz.. Visn., Iss. 1 (20), 

48 (2008). 

34. V.I. Grytsay. Prediction structural instability and type attractor 

of biochemical process. Biofiz.. Visn. Iss. 23 (2), 77 (2009). 

35. V.I. Grytsay. Structural instability of a biochemical process. Ukr. 

J. Phys., 55 ( 5), 599 (2010).  https://arxiv.org/abs/1707.08724 

36. V.I. Grytsay, I.V. Musatenko. The structure of a chaos of strange 

attractors within a mathematical model of the metabolism of a 

cell. Ukr. J. Phys.  58, No. 7, 677  (2013). 

https://arxiv.org/abs/1707.08428 

https://arxiv.org/abs/1707.08724
https://arxiv.org/abs/1707.08428


50   V. Grytsay 
 

 

 

37. V.I. Grytsay and I.V. Musatenko. Self-oscillatory dynamics of 

the metabolic process in a cell. Ukr. Biochim. Zh.  85, No. 2, 93 

(2013). https://arxiv.org/abs/1801.05350 

38. V.I. Grytsay, I.V. Musatenko, A mathematical model of the 

metabolism of a cell. CMSIM 2, No. 4,  539 (2013). 

39. V.I. Grytsay, I.V. Musatenko, Self-organization and chaos in the 

metabolism of a cell, Biopolymers and Cells,  30, No. 5, 404 

(2014). 

40. V.I. Grytsay  “Self-organization and fractality in the metabolic 

process of glycolysis”, Ukr. J. Phys. 60, No.12,  1253 (2015). 

https://arxiv.org/abs/1707.05636 

41. V.I. Grytsay. Self-organization and fractality created by 

gluconeogenesis in the metabolic process. CMSIM 5, 113 

(2016). https://arxiv.org/abs/1707.05678 

42. V.I. Grytsay, Spectral analysis and invariant measure in the study 

of a nonlinear dynamics of the metabolic process in cells. Ukr. J. 

Phys., 62, No. 5, 448 (2017). https://arxiv.org/abs/1707.04440 

43. V.I.Grytsay, A.G.Medentsev, A.Yu.Arinbasarova, 

Autooscilatory Dynamics in a Mathemetical Model of the 

Metabolic Process in aerobic Bacteria. Influence of the Krebs 

Cycle on the Self-Organization of a Biosystem. Ukr. J. Phys., 65, 

No. 5, 393(2020).  

44. Riznichenko G.Yu. Mathematical Models in Biophysics and 

Ecology. (Inst. of Computer. Studies, Moscow, Izhevsk, 2003) 

(in Russian). 

45.  Yu.M. Romanovskii, N.V. Stepanova, D.S. Chernavskii. 

Mathematical Biophysics. (Nauka,  1984) (in Russian). 

46. E.E. Selkov. Self-oscillations in glycolysis. Europ. J. Biochem. 

4, 79 (1968). 

47. O.P. Matyshevska, A. Yu. Karlash, Ya. V. Shtogum, A. Benilov, 

Yu. Kirgizov, K. O. Gorchinskyy, E.V. Buzaneva, Yu. I. 

Prylutskyy, P. Scharff. Self-organizing DNA/carbon nanotube 

molecular films. Mater. Sci. Engineer. C, 15, Nos. 1-2, 249 

(2001).  

 

https://arxiv.org/abs/1801.05350
https://arxiv.org/abs/1707.05636
https://arxiv.org/abs/1707.05678
https://arxiv.org/abs/1707.04440

