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Abstract. In the study of quantum chaos relating to entanglement dynamics, it is
found that local dynamical features in the classical phase space, such as the tori in
regular island and the chaotic sea, can have subtle influence on the entanglement
production rate, the maximum entanglement entropy etc. In this paper, we revisit
the two-coupled quartic oscillator system, whose entanglement dynamics was shown
by Chung and Chew (2009, Phys. Rev. E, 80 016204) to be insensitive to these local
dynamical features. By means of a comprehensive set of initial coherent states, and
by considering both the quantum and semi-classical regime, we provide additional
numerical evidence and physical insights that support the conclusion that the en-
tanglement dynamics of this system is dependent on the global classical dynamical
regime while insensitive to the local classical behavior.
Keywords: Quantum-classical correspondence, Entanglement dynamics, Quantum
chaos, Classical chaos, Coupled quartic oscillators, Quantum information processing.

1 Introduction

The problem of quantum-classical correspondence is related to the subject of
quantum chaos. The study of how a classically chaotic system has a mysterious
influence on its quantized counterpart has made quantum chaos a fasinating
subject. The influence of chaos, instead of leading to an exponential divergence
of quantum wavefunctions through minute changes of initial conditions (which
is not possible since Schrödinger equation is linear), left its imprint through
quantum properties such as the energy level statistics, the localization, or the
scarring of the wavefunction [1].

Recently, there is great interest in the study of the effect of classical chaos on
the entanglement between composite quantum system [2–7]. This results from
the fact that entanglement is an important resource for information processing
in the quantum regime. In particular, its non-classical feature has enabled the
creation of novel information processing paradigms. For example, entangle-
ment has important application in superdense coding, quantum teleportation
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and quantum cryptography [8]. The importance of entanglement for quantum
information processing suggests the need to generate entangled quantum states.
A particular approach to create entangled quantum states is by means of quan-
tum harmonic and anharmonic oscillator systems. Experimentally, quantum
harmonic oscillator system has been achieved in the form of a micromechanical
resonators strongly coupled to an optical field [9]. An extension to this sys-
tem has also been proposed with the resonator interact with a trapped atom
through a quantized light field in a laser driven high-finesse cavity [10]. On
the other hand, quantum anharmonic oscillator system can be implemented by
optical fibre with Kerr nonlinearities. By injecting coherent states into such a
fibre, two Schrödinger cat-like states can be generated [11].

The consideration of the effects of chaos on entanglement have led to the
studies of many diverse systems beyond quantum anharmonic oscillator sys-
tems. These systems are coupled kicked tops [2,7], Rydberg molecules [5]
and interacting spin systems [6]. Generically, it is found in these investiga-
tions that when the classical system is more chaotic, the corresponding quan-
tized system has more entanglement and also a faster entanglement production
rate, although there are some notable exceptions [12,13]. In addition, the fre-
quency of oscillation of the entanglement dynamics increases as the classical
system becomes more chaotic. An important observation made by many re-
searchers [4,5,2] is that the magnitude and production rate of the entanglement
is dependent on the local dynamical structure of the corresponding classical
phase space. This places the existence of a universal quantum-classical corre-
spondence in terms of dynamcial entanglement production in a doubtful posi-
tion. However, we have shown in [3] that contrary to such a local phase space
dependence, it is possible for the entanglement dynamics to depend solely on
the global classical dynamical regime.

In this paper, we will present our investigation on the correspondence be-
tween classical system and its quantized version through the entanglement en-
tropy. More precisely, for the classical systems, we shall study its dynamics in
the classical phase space and then relate it to the corresponding entanglement
dynamics in the quantized system. We shall study such quantum-classical cor-
respondence in an anharmonic oscillator system that can exhibit regular, mixed
and purely chaotic dynamics. By perfoming detailed numerical computations,
we have strengthed our earlier conclusion in [3] that it is possible for the en-
tanglement dynamics to depend on the global classical dynamical regime.

2 The Coupled Quartic Oscillator

To begin, let us introduce our coupled nonlinear oscillator system. It is the
coupled quartic oscillator given by the following Hamiltonian [14]:

H =
1

2

(
p21 + p22

)
+ 3x41 + x42 − λx21x22 , (1)

where p1 and p2 are the momenta, x1 and x2 the positions of the oscillator, and
λ is the coupling constant. Depending on the value of λ, the classical dynamics
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of this coupled quartic oscillator can display three distinct features: (a) regular
dynamics (see Fig. 1), (b) a mixture of regular and chaotic dynamics (see Fig.
2), and (c) purely chaotic dynamics (see Fig. 3). Note that Figs. 1 to 3 gives
the Poincaré section of the dynamics in the x2-p2 plane with x1 = 0 and p1 > 0.

Fig. 1. Classical phase portrait for the coupled quartic oscillator system with coupling
constant λ = 0.4. Note that twenty-nine equally spaced points are selected on the
straight line with their corresponding coherent states serve as initial conditions for
the entanglement dynamics evaluation.

Next, we proceed to quantize the coupled quartic oscillator system and
investigate its quantum dynamics. This requires us to replace xi and pi with
the corresponding operators x̂i and p̂i. We select the product states |n1〉⊗ |n2〉
as our basis for the numerical computation. |n1〉 and |n2〉 are the eigenvectors
of the harmonic oscillator. With this basis, we can express the Schrödinger
equation in the following form:

ih̄
d

dt
〈m1m2|ψ(t)〉 =

M∑
n1=0

M∑
n2=0

〈m1,m2|Ĥ|n1, n2〉〈n1, n2|ψ(t)〉 , (2)

where Ĥ is the quantized Hamiltonian and |ψ(t)〉 the quantum state at time t of
the two-coupled quartic oscillator. For the sake of computation, we have trun-
cated the size of the basis to M . Thus, 〈m1,m2|Ĥ|n1, n2〉 is a four-dimensional
matrix. The initial states |ψ(0)〉 are chosen to be the coherent states |α1〉⊗|α2〉,
which provides the connection between the classical and quantum domains.
More specifically, the center of the coherent state corresponds precisely to the
point (x1, p1, x2, p2) in the classical phase space, with αl = (xl + ipl) /

√
2.

With the defined initial quantum state, we evolve the states of the bipartite
quantum system numerically through Eq. (2). Note that more efficient com-
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Fig. 2. Classical phase portrait for the coupled quartic oscillator system with coupling
constant λ = 0.8. Note that twenty-nine equally spaced points are selected on the
straight line with their corresponding coherent states serve as initial conditions for
the entanglement dynamics evaluation.
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Fig. 3. Classical phase portrait for the coupled quartic oscillator system with coupling
constant λ = 2.7. Note that twenty-nine equally spaced points are selected on the
straight line with their corresponding coherent states serve as initial conditions for
the entanglement dynamics evaluation.
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putation can be achieved with the two-step approach [15–17] since it is suited
for the evaluation of the time-evolved states of nonlinear quantum systems.

The entanglement dynamics is determined through the time variation of
the von Neumann entropy, which is defined as follow:

SV N (t) = −Tr (ρ1(t) ln ρ1(t)) , (3)

where
ρ1(t) = Tr2 (ρ(t)) (4)

is the reduced density matrix of oscillator 1. It is obtained by taking the partial
trace over oscillator 2 on the density matrix ρ(t) of the two-coupled quantum
quartic oscillator, as shown in Eq. (4). Note that since

ρ(t) = |ψ(t)〉〈ψ(t)|

is pure as our system is assumed to be protected from the decohering en-
vironment, the von Neumann entropy is an applicable measure of quantum
entanglement. Furthermore, the replacement of ρ1(t) by the reduced density
matrix of oscillator 2,

ρ2(t) = Tr1 (ρ(t)) ,

in Eq. (3) would not make any difference to the evaluation of the entanglement
entropy.

In [3], we had computed the entanglement dynamics by picking coherent
states which correspond to points in the classical phase space for each of the
dynamical regimes, i.e., the regular, the mixed and the chaotic regimes (refer
to Figs. 3 to 5 in [3]). For example, a selection of points in the mixed phase
space with some in the regular islands and some in the chaotic sea had been
picked (see Fig. 4 of [3]) with the corresponding coherent states serve as initial
points for the entanglement dynamics calculation.

We had performed this computation in the quantum and semi-classical
regimes. We had employed the parameter R = h̄/Λ to quantify the “quan-
tumness” of the system. Note that Λ = |α1|2 + |α2|2 is the action of the system
with α1 and α2 being the coordinates of the coherent state. When R� 1, the
system is in the quantum regime. On the contrary, when R � 1, the system
is in the semi-classical regime. The semi-classical regime can be approached in
either of two ways: h̄ → 0 or Λ → ∞. The latter case in fact corresponds to
the high-energy approximation in the semi-classical theory. The former case is
the one adopted in this paper.

Our earlier results [3] show that the entanglement entropy is much larger
in the semi-classical regime. We observe that for both the quantum and semi-
classical regimes, the entanglement production is the highest in the pure chaos
case, follow by the mixed case, and is lowest in the regular case. We also ob-
serve that when the classical system becomes more chaotic, the frequency of
oscillation of the entanglement dynamics increases. These results correspond
to those reported in the literature. However, for each of the regular, mixed and
chaotic case, we observe that identical results are obtained when different ini-
tial conditions are employed. This is a surprising result that differs from others
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in the literature. This result has led us to conclude in [3] that it is possible for
the entanglement dynamics to depend entirely on the global dynamical regime
while insensitive to the local classical behavior.

3 Results and Discussion

One may question the conclusion at the end of the last section as follow: is
it possible that such global dependence arises from the choice of the initial
coherent states? This query is especially relevant for the mixed case as the
chosen initial coherent states may lie too close to the edge of the regular island,
thus allowing it to sample the chaotic sea surrounding the island. This may
have obscured the local dynamical structure and led to the identical results
observed.

In this section, we present numerical results that will address these issues.
To do this, we need to check the conclusion with a more extensive choice of
initial conditions. In consequence, we select a set of initial conditions that lie
along the straight lines as shown in Figs. 1, 2 and 3 for the regular, mixed and
chaotic case respectively. By considering twenty-nine initial conditions that are
equally and closely spaced on each of these straight lines, we can ascertain the
validity of the conclusion since these initial conditions correspond to different
local dynamical features of the classical phase space.
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Fig. 4. The maximum and average entanglement entropy versus the basis size M .
Note that the computation is based on λ = 0.8.

Due to the existence of scale invariance in the classical dynamics of Eq.
(1) [14], we can select an energy E = 0.0001 that is small so that we do not
need to use a large basis size for our numerical calculation of the entanglement
dynamics. Our computations, as illustrated in Fig. 4, shows that a size of
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M = 135 is sufficient to ensure convergence for our calculation. With this
basis size, we determine the maximum entanglement entropy

SM = max
t
SV N (t)

and the mean entanglement entropy

Savg =
1

T

∫ T

0

SV N (t)dt

of the entanglement dynamics, which are initiated by coherent states that cor-
respond to the set of initial conditions discussed above. In our computation, we
consider h̄ = 1 for the quantum regime and h̄ = 0.00001 for the semi-classical
regime. This implies an uncertainty circle with size of order 0.7 for the quantum
regime and 0.002 for the semi-classical regime.
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Fig. 5. The maximum and average entanglement entropy for initial coherent state
in the quantum regime with x1 = x2 = 0 but different values of p1 and p2. From
top to bottom, we have SM and Savg for λ = 2.7, SM for λ = 0.8 and 0.4, Savg for
λ = 0.8 and 0.4. Note that the parameters used are h̄ = 1, M = 135 and E = 0.0001.
Note that the circles and squares represent a sample of the chaotic and regular initial
conditions respectively.

Our results for the regular case (dashed lines in Figs. 5 and 6) show a
constant SM and Savg for all the initial coherent states in both the quantum
and semi-classical regime. This is in marked contrast to [4] where initial co-
herent states that situate on the outer tori have a larger entanglement entropy
than those that locate at the inner tori. Interestingly, the outcome here for a
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Fig. 6. The maximum and average entanglement entropy for initial coherent state in
the semi-classical regime with x1 = x2 = 0 but different values of p1 and p2. From
top to bottom, we have SM for λ = 2.7 and 0.8, Savg for λ = 2.7, SM for λ = 0.4,
Savg for λ = 0.8 and 0.4. Note that the parameters used are h̄ = 0.00001, M = 135
and E = 0.0001. Note that the circles and squares represent a sample of the chaotic
and regular initial conditions respectively.

nonlinear oscillator system is analogous to that of the linear systems discussed
in [3].

In addition, Figs. 5 and 6 also show that SM and Savg attain a constant
value for all the chosen initial coherent states in the mixed case (solid lines
in the figures). This may be explained by the fact that the uncertainty circle
of the initial coherent states in the quantum regime is large enough to sam-
ple a mixture of different local phase space structures, leading to the uniform
results. However, with similar results obtained in the semi-classical regime,
this explanation becomes untenable since the uncertainty circle of the initial
coherent states is sufficiently small in this case for the differentiation of local
phase space structure.

Finally, we observe a constant SM and Savg for the chaotic case as shown
by the dotted lines in Figs. 5 and 6.

4 Conclusions

By means of a more comprehensive range of initial coherent states that cor-
respond to diverse local dynamical structures in the classical phase space, we
have shown that SM and Savg are insensitive to the choice of the initial coher-
ent states. This is shown to be true for the regular, mixed and chaotic cases in
both the quantum and semi-classical regimes for the coupled quartic oscillator



Chaotic Modeling and Simulation (CMSIM) 3: 451–459, 2012 459

system. We have thus reaffirmed our earlier conclusion that it is possible for
the entanglement dynamics to depend solely on the global classical dynamical
regime while insensitive to the local classical behavior. An advantage of models
that possess such global dependence is that they can serve to generate encoding
subspaces that are stable against any errors in the preparation of the initial
separable coherent states. We believe that these encoding subspaces will be
significant in the design of robust quantum information processing protocol.
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