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Abstract: A model sample of a finite nanosize with the volumetric lattice in the form of
a rectangular parallelepiped is considered. On the basis of the previously proposed one-
point model, a two-point model is constructed, which uses the theory of fractional
calculus and the concept of fractal. The features of the behavior of the deformation field
of fractal dislocation and possible correlation connections are investigated. It is shown
that complex correlation connections have negative, positive and sign changing
correlation coefficients. The strongly pronounced stochastic behaviour of amplitudes and
phases of average functions is established. The change of the statistics from Fermi-Dirac
type to the statistics of Boze-Einstein type for separate internal nodal planes is shown by
the method of numerical modeling.
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1. Introduction

For experimental studies of the physical properties of individual atoms
(electrons, photons) and the quantum measurement it is necessary to create
special traps: nanosystem - trapped particles (or group of particles) in a trap.
These traps can be useful for realization of optical quantum computation with
quantum information processing, measurement in quantum optics [1]. In his
Nobel lecture in Physics in 1989 W. Paul [2] considered electromagnetic traps
for charged and neutral particles. For the observation of Bose-Einstein
condensation phenomenon [3] the magnetic traps were used. Serge Haroche and
David Wineland, 2012 Nobel laureates in Physics, proposed experimental
methods that made it real to measure individual quantum systems and govern
them [4, 5]. The experimental studies of the features of the statistical properties
of individual quantum systems in neutron spin measurements [6], with the
observation of Bose-Einstein condensation [7] showed the presence of
correlations in the measured values. Near singular points (Dirac points) Dirac
fermions in molecular graphene show quantum and statistical features of
behavior [8].
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Fractal dislocation is one of the structural objects in nanostructured materials
[9, 10]. The core of a linear dislocation is a set of singular points. The
deformation field of fractal dislocation has unusual quantum and statistical
properties [11 - 13] and shows the presence of quantum chaos [14]. Earlier a
one-point model was used to describe the structural states of the deformation
field of fractal dislocation [10, 12] (fractal dimension was an effective
coordinate). In this model, the elements of the displacement of the lattice nodes
are real random functions and were determined without the effect of bifurcation
of solutions of a nonlinear equation. However, consideration of the effect of
bifurcation of solutions [11] leads to the four branches of the lattice nodes
displacement function. Elements of the lattice nodes displacement matrix
become complex random functions. In order to describe possible correlation
effects and statistical properties of the deformation field of fractal dislocation of
pure structural states a two-point model was proposed [15] in which the theory
of fractional calculus [16] and the concept of fractal [17] are used. It is
necessary to investigate the mixed states, the description of which requires
introducing the density of states and accounting for the distribution of this
density of states on nodes of the volumetric lattice.

The purpose of this paper is to generalize the two-point model to the case of
mixed state and investigate correlation connections and the statistical properties
of the deformation field of fractal dislocation in the model nanosystem.

2. Description of mixed states in the two-point model
A model nanosystem [15] is considered: a sample in the form of a rectangular

parallelepiped of finite size with volumetric discrete lattice N;x N, x N3.
Deviations of the lattice nodes from the state of equilibrium in a separate plane
N, x N, for two different points of z,(j) and z,(j) are described by non-

hermitian displacements operators #(z;) and #(z,), corresponding to the

rectangular matrix with dimensions N; x N, , je[l,N;].

For the description of mixed states the effective composite operators of
displacements for the states p =1,2,...8 are introduced, respectively,

A A A4 A A A4 A A AT A A AT
up =P (21); Uy =ppu (25); us =u(z)) P 7 =u(z3)pPp; (1)
N LA A oA At I\T./\_A+ AT
Uy = Py1ti(z)); iy = Py1ti(zy) 5 U g=u (2))Py1; Uy =u (23)P5- (2)

Here the symbols «+» and «7 » mean the operation of hermitian conjugation
and transposition. The square matrices with sizes N, x N; for p=1,3,5,7 and

N, xN, for p=2,4,6,8 correspond to the introduced operators # ,; so that

p ;
ls =iy, i, =15 , il ¢=1i5, lig =il . The density state operators Py, iy
P14 are represented by

A 2T 2 AT T 2 . AT AT _ A
P2 =Snéna I NiNys Pia =Snaént / NiNys P21 = P12 Po1 = Pras )
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where é N1 > é 2 are row-vectors of dimensions 1x Ny, 1x N, , with elements
equal to one. The rectangular matrices p,,, P,; have dimensions N; xN,,
N, x Ny . For the operators in (3) the normalization conditions are fulfilled
EviPnéna=1i  Evapnéln=1. Q)
Having performed an averaging over the index nodes n,m by calculating trace
Sp of square matrices (1), (2), the averaged functions u i | u » [, igp, for
states with p =1,2,...8 are obtained
u, =Spu, =u, +iu, =lu, |exp(ip,); u; = Spd;; 1gp, =uy lu,, (5)
p > the symbol «*» means the operation of
¢, arca module, a phase of the complex averaged

r " o_

where u, = Reup s U, = Imu
complex conjugation; [u,, |,
functions u , . Here the averaging across an index j is not made.

Then we find the correlation function of the first order. For p,q =1,3,5,7 we
obtain

Kpg=Spg —Hpg =Kpg +iKpg = K g 1exp(i0, )
Spq :Spgpq = Spq +iSpq = Spg 1eXP(Y ) 5 Spq =ity ; *SA';q * ﬁpq ;
H ,, = (Spii, )(Spiy ) =uu, = H ), +iH '} = H ,, |exp(i5,,);
|H ,y [=luy, |- lug |5 6, =0,-0,. (6)
In the case p,q =2,4,6,8 we obtain
Cpg = Apg = Bpg = Cpg +1Ch =1 Cpy | XD 1)
Apg = Sp’apq = Apy + iy = Ay | XD ) s Apg =1yt s Ay # Apy
B, =(Spit,)(Spiiy ) = B,,, +iB), = B, |exp(iy ,,);
| By I=lu, |- lugls 7y =0, -9, (7
From (6) at p=g we have 0,,=0, H, =H, |Flu, |2 ; operators

A

S are hermitian, S;p =0,5,, = S;)p and
K, = S;,p— |H,, | K,, |exp(if,,). 8)

From (8) it follows that ﬁpp =rk, where £k =0,+1,£2,.. and autocorrelation

—_ A+
pp _Spp

function can be either positive (k=0,12,44,..) or negative (k=%1,£3,..).

From (7) at p=g we obtain =0, B,, =8,, Hu, *; then operators

j/PP
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p o+ .- "o o
App = App are hermitian, App =0, App = App and

Cpp = App_ | Bpp |:| Cpp | exp(iﬂpp) . (9)
From (9) it follows that /3, =7/, where [=0,£1,£2,.. and autocorrelation

function can be either positive (/ =0,42,44,..) or negative (/==%1,%3,..).
Having done the normalization of the above functions, we obtain the
distribution function of mixed states of Bose-Einstein type and Fermi-Dirac type
for p=1,3,5,7 in form

Jop =Jop =V Sop =Spp [ Hpps [ =Ky [ Hpps (10)
Epp+Fpy =15 Fpy=H, /S, F,=K,/S,, (11)

and for p =2,4,6,8 in form
Jop =T =5 Jpp =4 I Bpps [rp=Cpp/ By (12)

Fpp +Fpy =1y Fpy =B,/ 4,,; F),=Cp /A4, (13)
By numerical simulation it will be shown that for mixed states all

autocorrelation functions K, (NH,C o ( j) are positive in the interval

J€[l;N;]. Earlier in [15] it was shown that for pure states similar
autocorrelation functions are negative.

At p # g from (6), (7) it follows that the functions K g’

some values p,q these functions have a sense of cross-correlated functions (for

C,, are complex. For

a pair of different points z;,z, ). In this case, to investigate the correlations it is
necessary to introduce second-order correlation functions. For p,q =1,3,5,7
we have

_ . Qo - U QO ot .oty
Gpg =Vog = Wogs Vg =SPVpgs Vg =SpgSpas Vg =Vpys

S o+
W, =(SpS, )(SpS7) =S =S (14)

* 2
paSpq pq =

Using (6), we find a representation for

2_ 2
|Spg 7= (K pg [ =Ly |-Tug D™+ 2 up | -[uy || Ky [A+cosD ), (15)

where Cqu = 5pq - Hpq .For p,q=2,4,6,8 we obtain

— . — D - D =4 A4t 5t = -
8pq =Voa ~Wpat Vpg =SPVpqi Vpg = ApgApgs Vg =Vpg
_ P N o 2
Wpg = (Spqu )(Spqu)— ququ = qu " (16)
Using (7), we find a representation for
2_ 2
| Apy 7= Cpg | =y, [-[ug D™+ 2 u, [-|ug [-|Cpy A+ cos¥ ), (17)
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where ‘qu =7 pq —ﬂpq . At some points j €[1; N;] changes sign at second

order correlation functions G, (), &, ( j) from the expressions (14) - (17)

which confirms the presence of a mixed statistics.
When describing pure states [15] of the deformation field of fractal dislocation
in the two-point model, the following operators and functions were introduced

M, =i(z) 0" (z); Mg=i"(2)i(z) ; S, =M,M;;
S =SpS.; H.=(SpM,)(SpM;); K.=S. —H,;
f=f=1 f,==-K./S,; f'=H./S,; r=18. (18)

Correlation functions K, are sign changing within the interval j e[1;/N;] and
describe the states with mixed statistics.

3. Numerical simulation and the analysis of results

The original rectangular matrix displacement #(z;) and #(z,) with elements
Uy (2))=uy(2)), u,,(z5)=u,(z,) in bulk lattice N;xN,xN;=
=30x40x67 were obtained by the method of iterations on an index m for
the first branch of the dimensionless complex function displacement
u(z)=u, (z) by the formulas in [15] under the same input parameters and

initial conditions. In the calculations it should be:
z,=0.053+0.1(j-1); 2z, =6.653—-0.1(j —1), which corresponds to the

forward and backward waves of displacements u,, (z,),u,, (z,); n=1,30;

m=1,40; j=1,67. The choice of the model parameters determines the state
of a discrete rectangular sublattice N; x N, with fractal dislocation, localized
within this region parallel to the axis Om .

The analysis of the results of the numerical simulation for the mixed states

(Fig. 1) shows that all of the first-order correlation functions K o

defined on the whole interval j €[1,67]. This means that for states pp there

are positively

are correlation relations with positive correlation coefficients. The distribution
function of the Fermi-Dirac type Fs5(j) with increasing j (Fig. 1, a) varies
randomly around the value of 0.1, goes to the stochastic peak at j =26 with the
value F55(26)=0.3315 and then again randomly changed by another law near
the value of 0.1. The distribution function of the F5,(j) with increasing j
(Fig. 1,c) also varies randomly near the value of 0.1, comes to a peak at the
other stochastic value of j =42 with the same value of F7;(42)=0.3315 and
then again changes randomly by another law near the value of 0.1. In this case
the values of the functions of Fss5(j), F7;(j) in the peaks do not exceed the
value of 0.5, which is typical for the ground state Fermi-system. The
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distribution functions of Bose-Einstein type fss(j), f77(j) (Fig. 1,b,d)
randomly change with increasing j near the population number equal to 10, in
separate planes the peaks with large population numbers are observed. Such a
behavior of functions f55( ), f77(j) indicates that the ground state of a Bose-
system is populated (the population number greater than 1). The global minima
with the values fs55(26)= f;,(42)=2.0162 are observed in the points at
which the main peaks of the functions Fy5(j), F57(j) are observed. The

above values of the functions in global minima and main peaks indicate that the
correlations in both ground and excited states of both Bose- and Fermi-systems
are taken into account.
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Fig. 1. Dependencies of the distribution functions of the Fermi-Dirac type
(a, c, e, g) and Bose-Einstein type (b, d, f, h) on ; for mixed states pp

In this case, the autocorrelation function K ss describes a forward wave, and
the autocorrelation function K5, describes a backward wave. The distribution

functions of the Fermi-Dirac type Fic(Jj),Fgg(j) with increasing j
(Fig. 1,e,g) vary randomly around 0.5. The values of the functions in individual
peaks are higher than 0.5, which is typical for inverted states of Fermi-systems.
The distribution functions of Bose-Einstein type fq4(j), fgg(/) (Fig. 1,£h)
randomly change with increasing j near the occupation numbers from 0 to 10,
in separate planes the peaks with large population numbers are observed.
Accounting ordering pair operators in (1), (2) (the displacement and density of
states of the lattice nodes) in the correlation function (6) - (9) leads to different
distribution functions (10) - (13), as confirmed by numerical simulations
(Fig. 1).

The dependencies of the distribution functions with mixed statistics (18) on an
integer index j of a nodal plane for pure states at » =7,8 are shown in Fig. 2.

17 Jy
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Fig. 2. Dependencies of the distribution functions with mixed statistics
on j for pure states

At some points j changes sign at functions f;, fg, which confirms the

presence of a mixed statistics. In this case functions f, and f, may be
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interpreted as Fermi-Dirac type distribution functions for those areas of changes
for j, whereK, >0, and at K, <0 as Bose-Einstein type distribution
functions in the main and excited states, respectively. Note the pronounced
stochastic behavior of the amplitudes | M, | and phases x, have of averaged

functions M, = SpM, = =| M, |exp(iu,) .
The possibility of changing the sign of real parts of the first order complex
correlation functions K, (/),C,, (/) (6), (7) and second order correlation

functions G, (), &, (J) (14), (16) is also confirmed by the results of the

numerical simulations.

4. Conclusions

The numerical simulation has confirmed the theoretical conclusion of the
presence of a mixed statistics: the change of the statistics from Fermi-Dirac type
to the statistics of Boze-Einstein type for separate internal nodal planes of the
bulk lattice. The analysis of the distribution functions of the occupation numbers
for mixed states shows that particular nodal planes may be in inverse structural
states.

Based on the analysis of the correlation functions of the first and second order a
possibility of changing the sign of real parts of the correlation functions is
shown. This indicates a possible change in the nature of the interaction
(attraction or repulsion) between lattice nodes within a single nodal plane as
well as between different planes.

Accounting ordering pair operators (displacement and density of states the
lattice nodes) in the correlation function has the effect of deviations of the initial
distribution function.
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