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Abstract. The new inversive congruential method for generating uniform pseudo-
random numbers is a particularly attractive alternative to linear congruential genera-
tors which have many undesirable regularities. In the present paper, a new inversive
congruential generator of the second order for the sequence of PRN’s is introduced.
Exponential sums on inversive congruential pseudorandom numbers are estimated.
The results show that these inversive congruential pseudorandom numbers pass the
s-dimensional serial tests for the statistical independency.
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1 Introduction

The uniform pseudorandom numbers (abbrev., PRN’s) in the interval [0, 1]
are basic ingredients of any stochastic simulation. Its quality is of fundamental
importance for the success of the simulation, since the typical stochastic simu-
lation essentially depends on the structural and statistical properties of the pro-
ducing pseudorandom number generators. In the cryptographical applications
of pseudorandom numbers the significant importance is of the availability of
property of the unpredictability to generated sequence of pseudorandom num-
bers. The classical and most frequently used method for generation of PRN’s
still is the linear congruential method. Unfortunately, its simple linear nature
implies several undesirable regularities. Therefore, a variety of nonlinear meth-
ods for the generation of PRN’s have been introduced as alternatives to linear
methods. It is particularly interesting the nonlinear generators for producing
the uniform PRN’s, such as the inversive generators and its generalizations.
Such generators were introduced and studied in [2], [6], [7]. These generators
have several attractive properties such as an uniformity, unpredictability (sta-
tistical independence), pretty large period and simple calculative complexity.
The most common types of the inversive generators define by the following
congruential recursions.
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Let Fj, be a finite field with ¢ elements and let g, a, b belong F,. Put

y—IZ{Ony:()v

multiplicative inverse to y in Fyy if y # 0.
Then the recursion
Yni1 =ay, +b, n=0,1,2.... (1)

produces the inversive congruential generator over F.
The generator (1) was introduced in [2], [6], [7], [11].
Other inversive generators consider over the ring Z,m.
Let p be a prime number, m > 1 be a positive integer. Consider the
following recursion

Ynt1 = aF, +b (mod p™), (a,b € Z), (2)

where 7, is a multiplicative inversive modulo p™ for y,, if (yn,p) = 1. The pa-
rameters a, b, yg we called the multiplier, shift and initial value, respectively.

In the works of Eichenauer, Lehn, Topuzoglu[3]; Niederreiter, Shparlin-
ski[10]; Eichenauer, Grothe[5] etc. were proved that the inversive congruential
generator (2) produces the sequence {z,}, =, = ;/,,’Z;, n = 0,1,2,..., which
passes s-dimensional serial tests on equidistribution and statistical indepen-
dence for s = 1,2, 3,4 if the defined conditions on relative parameters a, b, yg
are accomplishable.

It was proved that this generator is extremely useful for Quasi-Monte Carlo
type application (see, [9],[12]). The sequences of PRN’s can be used for the
cryptographic applications. Now the initial value yy and the constants a and b
are assumed to be secret key, and then we use the output of the generator (2)
as a stream cipher. At the last time it has been shown that we must be careful
in the time of using the generator (2).

We call the generator (2) the inversive generator with constant shift.

In [14] we have given two generalization for the generator (2). The first
generalization connects with the recurrence relation

Yn41 = ay, +b+cF(n+1)yo  (mod p™) (3)
under conditions
(a,p) = (yo,p) =1, b=¢c=0 (mod p), F(u) is a polynomial over Z[u].

We call the generator (3) the inversive congruential generator with a variable
shift b + cF(n + 1)yo. The computational complexity of generator (3) is the
same as for the generator (2), but the reconstruction of parameters a, b, ¢, yg, n
and polynomial F(n) is a tricky problem even if the several consecutive values
Yny Ynt1, - - > Yntn Will be revealed (for example, even the reconstruction of
three-term polynomial F'(u) of large unknown degree is a very hard problem).
Thus the generator (3) can be used in the cryptographical applications. Notice
that the conditions (a,p) = (yo,p) =1, b = ¢ =0 (mod p) guarantee that the
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recursion (3) produces the infinite sequence {ys,}.
The second congruential recursion has the form

Ynt1 = a¥, +b+cy, (modp™) (4)

with (a,p) =1,b=c=0 (mod p).

We call the generator (4) the linear-inversive congruential generator.

We must notice that the conditions a = b =0 (mod p), (yo,p) = (¢,p) =1
also give to generate the sequence of PRN’s with appropriate properties for
PRN’s {z,}. However, the conditions a = ¢ = 0 (mod p), (yo,p) > (b,p) =1
don’t permit to construct the required sequence of PRN’s.

For the case p = 2, Kato, Wu, Yanagihara[7] studied the generator (4).
These authors proved that the appropriate sequence of PRN’s {z,, } has a period
7=2""1ifand only if a +c=1 (mod 4) and b= 3 (mod 4).

The present paper deals with the congruential inversive generator of second
order determined by the recursion

Yn+1 = a(ynflyn)_l + b (mOd pm)’ (5)

where (a,p) =1, b =0 (mod p), (yo,p) = (y1,p) = 1.

Notice that the superimposed requirements on a, b, yg, y1 permit to define
every value y,, n =2,3,....

Our purpose in this work is to show passing the test on equidistribution
and statistical independence for the sequence {z,}, , = g;;, and hence, the
main point to be shown is the possibility for such sequences to be used in the
problem of real processes modeling and in the cryptography.

In the sequel we will use the following notation.

2 Notation and auxiliary results

Variables of summation automatically range over all integers satisfying the
condition indicated. The letter p denotes a prime number, p > 3. For m €
N the notation Z,m (respectively, Z;m) denotes the complete (respectively,
reduced) system of residues modulo p™.For z € Z, (z,p) = 1 let 27! be the
multiplicative inverse of z modulo p™. We write v,(4) = « if p*|A, p** JA.
For integer t, the abbreviation e, (t) = e 7 is used.

We need the following simple statements.

Let f(z) be a periodic function with a period 7. Forany N € N, 1 < N <7,
we denote

N
Sx(f) = o e
z=1

Lemma 1. The following estimate

i eQﬂ'i(f(:v)Jr%)

=1

[Sn(f)] < max

log T
1<n<Tt &

holds.
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This statement is well-known lemma about an estimate of uncomplete expo-
nential sum by means of the complete exponential sum.

Lemma 2. Let hq, he, k, £ be positive integers and let vy,(hqy + he) = «,
vp(hak + hot) = 3, 6 — min (v, 8). Then for every j = 2,3,... we have

vp(haki ™ 4 hoti™1) > 6.
Proof. By the equality
hik? + hot? = (hik? ™! 4 hotI V) (k 4 €) — kO(hk? ™2 + hot?—2),

applying the method of mathematical induction, we obtain at once I/p(hlkj +
hot?) >6,j=2,3,... O

Lemma 3. Let p > 2 be a prime number, f(x), g(x) be polynomials over Z
f(z) = Az + Asa® + -, g(x) = Bix + Box® +--- |
Vp(Aj> = )‘j7 Vp(Bj) = /Lj, ] = 172,3, .

and, moreover, a = Ao < A3 < -, 0=y < pro < puz < -+ -
Then for m > 2 the following bounds occur

™ if vy (Ar) > a,
Y emlf(@) <{0 if uz(A1)<a;

S en(fl@) +gla)| < ™

z€EZL m

where I(p™) is a solution of the congruence
Fy)=gly™") -y (mod p™ ™).
Proof. Putting x = y(1+p™°z2), y € Zymo, 2 € Zpym-my, we have modulo p™
b =gk kpmoya (ThHE = yF — kpmoyta.
And then we obtain modulo p™

f@)+g9@@ ") =Ffy) +9) +p™ () —y g (™))

Hence,

> em(f(2) +g(@™)) =

xEZ;m
= E; em(f(y) +9(y™)) EZZ en((f'(y) =y g (y™1))z) =
= e > em(F(y) + g(y™0).
yeZ;mo

W=y g’ (y™") (mod p™~T0)
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Now, if m = 2mg, we obtain

3 (@) +gla)| = pEI™).

zEZ;m

For m = 2mo + 1 we put y = y; + p™~"°t, t € Z,, y; runs all solutions of
the congruence f’(y) = y~'g¢'(y~!) (mod p™=™°) over Z-my- Then setting
y=vy;(1+pt), t € Z,, we obtain

> em(f(y)+9(y™)) =

yEZ;mO
F@=y'g'(y™") (mod p™~"0)

I(p™) . ) —v; e (v ") —2,2
= Zl em(f(yj) + g(yj )) EtEZp Em—2my Tt + Blyj t '
j=

The inner sum in right side of last equality is the Gaussian sum. Consequently,
we finally have

Y em(f@)g(@™))| <p% - I(™).

T€EZ m
O

For N arbitrary points tg, t,...,ty_1 € [0,1)¢, the discrepancy is defined
by
An()

D(f07f17~-~,fN—1)=SuP‘N—|I| ) (5.1)
1

where the supremum is extended over all subintervals I of [0,1)%, An([I) is
the number of points among tg, t1,...,ty_1 falling into I, and |I| denotes the
d-dimensional volume I.

For study the discrepancy of points usually use the following lemmas.

For integers ¢ > 2 and d > 1, let Cy(d) denote the set of all nonzero lattice
points (hy,...,hq) € Z% with =% < h; < 2,1 < j < d. We define

in ™ jfhec
T(h’q)_{(ism . ijh:ol(q)’

and
d

r(b,q) = [[r(hj.q) for b= (h,....hg) € Calq).

j=1

Lemma 4 (Niederreiter,[9]). Let N > 1 and q > 2 be integers. For N
arbitrary points to,ti,...,tx_1 € [0,1)¢, the discrepancy D(to,t1,...,tn_1)
satisfies

d 1 R

DN(JCOytlw-th—l) <-4+ = E E e(h-tn) .
¢ N o, rha) |z
a(q) n=0
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Lemma 5. Let {9}, vx € {0,1,...,q — 1}%, is a purely periodic sequence
with a period T. Then for the discrepancy of the points t, = "7’“ € [0,1)4,
k=0,1,...,N —1; N <7, the following estimate

d 1 —1 -1
Dy (to,t1,...,tny—1) < E+N g E (b, q)r™" (ho,7) - |S]
beCa(a) noe(-3,%]

holds,
T—1

where & == 3" e(h - t, 4 Eio).
k=0

This assertion follows from Lemma 4 and from an estimate of uncomplete
exponential sum through complete exponential sum (see, Lemma 1).

3 Preparations

We will obtain the representation of ¥, in the form of rational function on .
Denote v,(b) = vy. A straightforward computation by recursion (5) shows
that modulo p?° we have

y a + byoy1 y ayo + ab + b2yoy1 y ayoy1 + abyo + ab?
2= ——"—, Y3= , Ya= )
Yoy1 ayoy: + abyy + ab? ayo + ab + b*yoy1
2a%b + a%yo + 3ab’yoy1 2a%b + a%yo + 3ab?yoy1
Ys = =

a® 1 2abyoys + ab?yy * ° T a2 + 2abyoys + abPyo

These relations give rise to proposal that representation of y, will be found
in the form of
. A(()n) + Aﬁn)yo + Aé")yoyl

B + B yo + B yoy:

(6)

Yn

where Aén), B;m are the polynomials from Z[n|. From the above, for y, we
involve

(@B + bA™) + (aB™ + 54" ) yo + (@B + 54T ) yoyo

Ynt2 = ALY ATy ATy,
Now, a straightforward computation suggest that modulo p®° we have v
APV = ak ) APRTY = (k2 - 3k + 3)ab 12,
AP = ka1h + 6(k — 3)a* 2
BV = Lk; Dgb-12, BED — 3k~ 1) — 20k — 2)a5 1, )
Bé‘%_l) = a1 + 6052,
A(()?’k) = ka"b, A§3’“> = 2ak;Aé3k) = k(kT—i_l)ak_lb%
B(()?)k) _ B§3k) = (K — 3k + 3)a* 0%, (9)

Bg’k) = ka0 + 6(k — 3)a" 1%
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AFETY = o g kakp?, APETY = (k2 — 3k + 3)a"b? + 24"0;
Ag3k+1) — kaPb+ 6(k — 3)a" b (10)
BPY = ka?h, BTV = 245 BT = o2,

The validity of the formulas (8), (9) is not difficult establishes by the method
of mathematical induction. The formula (10) follows by recursion (5). Other
summands of A7, j = 0,1,2; n = {3k — 1 or 3k or 3k + 1}, which modulo piro
are equal to 0, be represented the polynomials from Z[n] (it comes from formula
(7)). So, we may write

A(()Skfl) —aF +p3qu0(k))m7B§,k—1 — gkt +6(k — 3)ak—2b2 +p3V0G2(k)~

The number summands in any Fj(k) or G;(k), j = 0,1,2 be less than 4my,

m—+1

o } by virtue when passing from k to k + 2 "o0ld” coefficients

where mg = [

gets multiplier divisible to a-b.Therefore, appearance of the polynomials Fj;(k),
G (k) rallies, moreover, all summands in the polynomials Fj(k), G, (k) contains
factor af, k —mo < £ < k.

The relation (6) shows that for every k = 0,1,2,... the numerator and de-
nominator contain a summand that is coprime to p, and every such summand
contains the factor a*. Multiply out numerator and denominator on multiplica-
tive inverse modp™ to the respective summand of denominator and applying
the expanding (1 +pu)~t =1 —pu+p?u®—---+ (=1)" " (pu)™= ! (mod p™),
we obtain the representation of y; power expansion of k£ with coefficients which
depend only on ¥, y1 and (a=1)7, 0 < j <m, where a-a~! =1 (mod p™).

So, after simple calculations we deduce modulo p™

Ysk—1 =Yy yr - S1 Se
where

Sy = |a+ (k* — 3k + 3)b?yo+

+ (b+6(k — 3)a""b*)yoyr + p*°G(k, yo, yl)]

k(k—1)
2

— (2k — 4)byo + 36ab*(yoy1)” + (2k — 4)0°y5+

Sy = [1 — 6a™ byoys — b* — (2k — 4)b°~
+12(2k — 4)a " b?ydys + p*° F(k, yo, yl)]

From where we have

Ysk—1=Yo 'y {(a + beo) + kb(1 — 2ay; M)+
(11)
1 - ,

+ k2 (yo — S "+ day ) + b“H(k,yo,yl)}
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where co = —6a~Lbyoy1 +b%(3yo +8a+36a~ (yoy1)? + 16ayd — 48yZy1) + 4byoa.

Next, by analogy, we infer
Ysr = [2yo — 3a~ 'b%yo(1 — ba~y1)] + kb(1 + bh(k))+

1 B (12)
+ k2b2(7§a 1y0y1 —2a lyg) +P3VOL(k,yan1),

where h(k) = 6a=1by? — 12a=1bydy,

Ysk1 = 27 yg Ha + 2byo + 3b7yo (1 — 60 " y1)]+
+ kb(yoyr — 2 tayy "+ p*0b(—3y0))+ (13)
+ k0% (yo + 2 rayg * — 27 2y — 27y ) + PO M (K yo, va)yg

From (11)-(13) we infer the following statement.

Proposition 1. Let the sequence {y,} be produced by the recursion (5) with
(a,p) = (Yo,p) = (y1,p) = 1, vp(b) = vy > 0. There exist the polynomials
F_1(z), Fo(z), Fi(x) € Z[z] with the coefficient depending on yo, y1, such that

ysk—1 = Yo ‘1 ' ((@+b(=6ayoy1) + b° Bo(yo, y1))+
+ kb(1 — 2ay; ™ + bB1(yo, 1))+ (14)

7 - v
+ kb (yo — 51 Y+ bBs(yo, 1)) + PO F_1 (k)

Ysk = (240 + b*Co (Yo, y1)) + kb(1 + bC1 (yo, y1))+

1 15
+k2b2(7§a71y0y1 72a71y§)+p31/0F0(k) ( )
Yse1 = 27 yg (a4 2byo + 30%yo(1 — ba " y1)) + kb(yoyr — 2 Fayy )+ (16)

+ k2b2(y0 + 271ay0—2 o (271)2y0—1 o 271y1—1) +p3V0F1(k).
In process of proof the Proposition 1 we obtain also the following corollaries.

Corollary 1. For k= 2,3,..., we have

7
ysk—1 = (@ + kb +8ab®)yg 'yi ! + (~2akb + Sak®0%)yg yy P+

+ (4ab + 30 + E*b%)y;t + 16ab’yoy; '+ (17)
+48b%yo — 6a~ b+ p*° f1 (yo, 1)
ysi = kb + (2 = 3a'b?)yo + (18 2b)yoyn + (6a~ 0%k — 2a™ '0°k?)y5— a8)

— 12a7 kb yoyr + p*° fo(yo, y1)
Yser = 2 tayy t + (b + 27 k20 + 30%) + (—=3a" 10 + kb)y, +
+ (=272abk — 272K20 )y 2 + (—270K2 )y P — 27 2y ty T (19)
+ 9™ f1(yo, Y1),

where f_1, fo, f1 are homographic (rational) functions at yo, yi-
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This Corollary at once follows from (11)-(13).

Corollary 2. Let 7 be a period length of the sequence {y,} generated by re-
cursion (5); yo, y1 be initial values, and let vp(b) = vy > 0. Then we have

(A) 7=3p™¥  if only one congruence 4y3 =a (mod p)
oryp =2 (mod p) violates;

(B) 7= 303 if min (v, (493 — a), vy (1 — 2)) = 6 < m — vo;

(C) T < 3pm~0=9 otherwise.

Proof. Let 4y2 = a (mod p). Then, assuming ysr = yze+1 (mod p™), we ob-
tain 2yp = 2 'ay; * (mod p). This gives a contradiction.

Similarly, from ysp—1 = yse+1 (mod p™) and ysx = yser1 (mod p™) we
infer yo 'y; 'a = 27 Yayy ' (mod p) and 2yo = 2 'ayy t (mod p), ie. y1 = 2
(mod p) and 4y2 = a (mod p).

Let ny = ny (mod 3). Then from Corollary 1 we deduce that y,, = yn,
(mod p™) if and only if ny = ng (mod p™~*°). Hence, 7 = 3p™~*0. the second
and third parts of Corollary 3 are also clear. O

4 Exponential sums over the sequence of PRN’s

In this section we prove the theorems 1-3 on the estimates of exponential
sums on the sequence of pseudorandom numbers {y, } which are generated by
recursion (5).

Let

hiyk + haye

Or,e(hi, hos p™) = Z € <pm » (h1,he € Z).
YoE€EZ m

Here we consider yi, y¢ as a functions of initial values yg, y1 generated by (5).

Theorem 1. Let (hl,hg,p) =1, Vp(hl + hg) = U1, Up(hlki + hgé) = 9, k,l €
Z>¢ and let {y,} produced by (5). The following estimates

0 if k£ ¢ (mod 3), vp(ha) >0,
Cm 4p™tvoif v, (hy) =0, k# ¢ (mod 3),
ok, e (R, has p™)] < 0 if ;p =0, k=4 (mod 3),

4pm+1/0 Zf min (Mlvﬂ@) > 12 k=/ (mod 3)
hold.

Proof. Without restricting the generality it may be assumed that (hy, ha,p) =
1, (h1,p) = 1. We considerate two cases:

(I) Let k and ¢ be nonnegative integers with k # ¢ (mod 3), i.e. k = 3ky £1,
{=30liork=3k—1,¢=30;+1.
For k = 3ky, £ = 301 + 1, by Corollary 1 we have

haysk, +hayse,+1 = Ao+ Aryo+Asyg b1 (yy ) +bBry; '+ Bayy +bga (1 ),
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where modulo p*©
Ay =2h1, Ay =27 hy, By = hok, By = —272y5 .
Thus, by Lemma 3, we easily infer

0 ’Lf l/p(hg) > 0,
|03k, —1,30(h1, ha)| < {4pm+1 if vp(ha) = 0.

Such result gives the case k =3k1, { =301 +1or k =3k —1, (=3¢, + 1.
(IT) Let k = ¢ (mod 3). For definiteness we will consider only the case k = £ =0
(mod 3). Then we have from Corollary 1
hiysk + hayse = (hk + hat)b + (hy + h)(2 — 3a™'6%)yo+
+ (hl + h2)18a72b2y0y1 + 6ailb2(h1k + hgﬁ)—
— 247 0% (hk? + eal?)yd — 1207 0% (hak + hal)yoy: +
mo
+p™0 > a;(nk + hat?) fi(yo, v1).
§=0
Again, by Lemmas 2 and 3, we obtain

0 if pp =0, k=¢ (mod 3),

skt | < { e i 5% s R o )

In the cases (I) and (II) we take into account that I(p™) (see, the notation in
Lemma 3) are zero or 2. O

Let the least length of period for {y,} is equal to 7.

Theorem 2. Let the linear-inversive congruential sequence generated by the
recursion (5) has the period T, and let vy(b) = vy and 4y3 # a (mod p) or
y1 £ 2 (mod p). Then the following bounds

O(m) if § > g, ny(h) <m—2yy — 4,
1S-(hs yo)| < 4pM if § > vy, vp(h) <m — 2w,
T otherwise.

hold,
with the constant implied by the O-symbol is absolute.

Proof. Let we have the sequence produced by recursion (5). Without lose the
generality, we cas assume that the sequence {y,} has a period 7 = 3p™ . By
Corollary 2 we have

7—1 3p™m TV -1
|ST(hay07y1)|: Zem(hyn) = Z em(hyn) <
n=0 n=0 (20)
p™1 p™1
< Zem(hy?,k—l) = Zem(hyng) + O(m),
k=1 k=1
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where my = m — 1, and

Y3k—1 = F_l(k) = Ao + Alk + A2]€2 + -
yar = Fo(k) := By + Bk + Bok® + - -
Yak4+1 = Fi(k) := Co + C1k + Cok? + -+
with A;, B;, C; defined by Proposition 1.
The summand O(m) in (20) appears in virtue of the fact that the represen-

tation y, as a polynomial on k£ holds only k& > 2mg + 1.
Thus, by Lemma 3 we easily obtain

O(m) if 6 <uwpy, vp(h) <m—uvy—29,

m—+vp(h)
1S-01 < 4 4p — if 0 > vy, vp(h) <m— 2w,
T otherwise.
with the constant implied by the O-symbol is absolute. O

Theorem 3. Let the sequence {y,} be produced by (5) with parameters a, b,

Yo, Y1, ((l,p) = (yoylap) = 17 Vp(b) = pu()} o > 1. Then fOT every h € Z7
(h,p™) = u < m, we have

m—vq

— 1
Sn(h)=——— > |Sn(hyo,y1)| < 12N% +12Np~

m))2
(e(r™)) Y0, Y1€Zm

Proof. Let vp(h) =0, i.e. (h,p) = 1. By the Cauchy-Schwarz inequality we get

2

By = ——— | S S emlhyn)| =

Y0,91€Z5m n=0

N-1
= W Z Z em(P(yx —yr)) <

Y0,.Y1€Z 5m k,€=0

2
A

o] N—-1
1 1
< lok,e(h, —h)| = |ok,e (R =R)| =
(p(p™))? k,gz:o (@(pm»z;o =0
vp(k—0)=r
1 m—-1 N-1 1 N-1
= Oke(h, —h)| + Okk(h, —h)| =
o 2 2l I+ g 2 lowah —h)
vp(k—0)=t
1 m—1 N—-1
=N+ W Z |Uk,€(ha *h)|

t=0 k=0
vp(k—0)=t

Using Theorem 1, we obtain

- 2
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m—1 N-1 N-—1
x> S okelh, =0+ > oks(h,—h)| | <
=0 k,£=0 k,6=0
k#Z¢ (mod 3) k=¢ (mod 3)
vp(k—0)=r vp(k—0)=r
<N + ! X
- (e(p™))?
m—1 N2 N-1
JEAD =S D DD > lonelh=h)
r=0 p r<m—vg m—vyvo<r<m-—1 k,£=0
k=¢ (mod 3)
N
<N+ —F=X%
(p(p(™))?
m N m—+vo—+r m N
O T R
r<m-—ro r>m—ug

<N+ N?*p™™ - 11p”(m — 1p).

Hence, for (h,p) =1 we obtain

m—vq

[Sn(h)| < N% +12Np~ "=

0

Theorems 1-3 and Lemmas 4-5 permit to obtain the following bound for

discrepancy pf the sequence of point { %} € [0,1) and points x\ e [0,1)®,

x$) = (%, STt %), where {y,} is generated by the recursion (5).
Theorem 4. Let p > 2 be a prime number, yo,y1,a,bbm € N, m > 3,
(ayoyr,p) = 1, vp(b) = vy > 1. Then for the sequence {z,}, =, = g—,ﬁ,
n = 0,1,..., with the period T, generated by recursion (5), we have for any
1<N<ZT,

1 yomew (12 T
DN(%leuwa—l)Sfer?)N p 2 A Zlogp™4+ =) +1].
p p AT 5

Theorem 5. Let the sequence {Xr(f)} with the period T = 3p™ "0 be produced
by recursion (5). Then its discrepancy

. . m 1 3\’
Dg\?)(Xés), e 3X7(—6—)s) <2p T (77 logp™ ™" + 5) + 2p7 Y

for every s =1,2,3,4.

The assertions of Theorems 4 and 5 are the simple conclusions of Theorems 2
and 3 and Lemmas 4 and 5.

From Theorems 4 and 5 we conclude that the sequence of PRN’s {y,}
produced by generater (5) passes the s-dimensional serial test on the equidis-
tribution and statistical independency.

<
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