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Abstract. Results of application of theory of fractal and chaos, scaling effects and 

fractional operators in the fundamental issues of the radio location and radio physic are 

presented in this report. The key point is detection and processing of super weak signals 

against the background of non-Gaussian intensive noises and strays. An alternative – the 

radar rang is increased dramatically. The results of researches of spectrum fractal 

dimensions of lightning discharge in the middle atmosphere at attitudes from 20 to 100 

kilometres which are above the majority of clouds are presented. The author has been 

investigating these issues for exactly 35 years and has obtained results of the big 

scientific and practical worth. The reader is invited to look at the fundamental problems 

with the synergetic point of view of non-Markovian micro- and macro systems.  
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1  Introduction 
 

The entire current radio engineering is based on the classical theory of an 

integer measure and an integer calculation. Thus an extensive area of 

mathematical analysis which name is the fractional calculation and which deals 

with derivatives and integrals of a random (real or complex) order as well as the 

fractal theory has been historically turned out "outboard" (!). At the moment the 

integer measures (integrals and derivatives with integer order), Gaussian 

statistics, Markov processes etc. are mainly and habitually used everywhere in 

the radio physics, radio electronics and processing of multidimensional signals. 

It is worth noting that the Markov processes theory has already reached its 

satiation and researches are conducted at the level of abrupt complication of 

synthesized algorithms. Radar systems should be considered with relation to 

open dynamical systems. Improvement of classical radar detectors of signals 

and its mathematical support basically reached its saturation and limit. It forces 

to look for fundamentally new ways of solving of problem of increasing of 

sensitivity or range of coverage for various radio systems. 

In the same time I'd like to point out that it often occurs in science that 

the mathematical apparatus play a part of “Procrustean bed” for an idea. The 
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complicated mathematical symbolism and its meanings may conceal an 

absolutely simple idea. In particular the author put forward one of such ideas for 

the first time in the world in the end of seventies of XX century. To be exact he 

suggested to introduce fractals, scaling and fractional calculation into the wide 

practice of radio physics, radio engineering and radio location. Now after long 

intellectual battles my idea has shown its advantages and has been positively 

perceived by the majority of the thoughtful scientific community. For the 

moment the list of the author's and pupils works counts more than 750 papers 

including 20 monographs on the given fundamental direction. Nowadays it is 

absolutely clear that the application of ideas of scale invariance - "scaling" along 

with the set theory, fractional measure theory, general topology, measure 

geometrical theory and dynamical systems theory reveals big opportunities and 

new prospects in processing of multidimensional signals in related scientific and 

engineering fields. In other words a full description of processes of modern 

signal and fields processing is impossible basing on formulas of the classical 

mathematics [1 - 11]. 

The work objective is to consider the use of the fractal theory and 

effects of physical scaling in development of new informational technologies 

using examples of solving of up-to-date basic radar problems. The author has 

been investigating these issues in V.A. Kotel’nikov IREE RAS for exactly 35 

years. 

 

2 On the Theory of Fractional Measure and Nonintegral 

Dimension  
 

The main feature of fractals is the nonintegral value of its dimension. A 

development of the dimension theory began with the Poincare, Lebesgue, 

Brauer, Urysohn and Menger works. The sets which are negligibly small and 

indistinguishable in one way or another in the sense of Lebesgue measure arise 

in different fields of mathematics. To distinguish such sets with a pathologically 

complicated structure one should use unconventional characteristics of 

smallness - for example Hausdorf's capacity, potential, measures and dimension 

and so on. Application of the fractional Hausdorf's dimension which is 

associated with entropy conceptions, fractals and strange attractors has turned 

out to be most fruitful in the dynamical systems theory [1, 3 – 7, 9 - 11]. This 

fractional dimension is determined by the p - dimensional measure with an 

arbitrary real positive number p proposed by Hausdorf in 1919. Generally the 

measure conception is related neither to metric nor to topology. However the 

Hausdorf measure can be built in an arbitrary metric space basing on its metric 

and the Hausdorf measure itself is related to the topological dimension. The 

Hausdorf-Besikovitch dimension is a metrical conception but there is its 

fundamental association with topological dimension dim E, which was 

established by L.S. Pontryagin and L.G. Shnirelman who introduced a 

conception of the metrical order in 1932: the greatest lower bound of the 

Hausdorf-Besikovitch dimension for all the metrics of compact E is equal to its 
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topological dimension )(dim EE  . One of much used methods for estimation 

of sets Hausdorf dimension known as the mass distribution principle was 

proposed by Frostman in 1935. 

Sets whose Hausdorf - Besokovitch dimension is a fractional number 

are called fractal sets or fractals. More strictly, set E is called fractal (a fractal) 

in the wide sense (in the B. Mandelbrot sense) if its topological dimension is not 

equal to the Hausdorf - Besikovich dimension, to be exact EE dim)(0  . For 

example set E of all the surd points [0; 1] is fractal in the wide sense since 

1)(0 E , 0dim E . Set E is called fractal (a fractal) in the narrow sense if 

)(0 E is not integer. A fractal set in the narrow sense is also fractal in the wide 

sense. 

 

3  Measuring of Fractal Dimension and Fractal Signatures  
 

Fractal methods can function on all signal levels: amplitude, frequency, phase 

and polarized. The absolute worth of Hausdorf-Besikovith dimension is the 

possibility of experimental determining [3 - 10]. Let's consider some set of 

points N0 in d - dimensional space. If there are N( ) - dimensional sample 

bodies (cube, sphere) needed to cover that set with typical size  , at that  

                           DN  /1)(   при 0                                            (1) 

is determined by the self-similarity law. 

The practical implementation of the method described above faces the 

difficulties related to the big volume of calculations. It is due to the fact that one 

must measure not just the ratio but the upper bound of that ratio to calculate the 

Hausdorf - Besikovith dimension. Indeed, by choosing a finite scale which is 

larger than two discretes of the temporal series or one image element we make it 

possible to "miss" some peculiarities of the fractal. Building of the fractal 

signature [4 - 7] or estimates dependence (1) on the observation scale helps to 

solve this problem. Also the fractal signature describes the spatial fractal 

cestrum of the image. In IREE RAS we developed various original methods of 

measuring the fractal dimension including methods: dispersing, singularities 

accounting, on functionals, triad, basing on the Hausdorf metric, samplings 

subtraction, basing on the operation "Exclusive OR" and so on [4 - 7]. During 

the process of adjustment and algorithms mathematical modeling our own data 

were used: air photography (AP) and radar images (RI) on millimeter waves [9]. 

Season measurements of scattering characteristics of the earth coverings were 

already naturally conducted on wavelength 8.6 mm by the author in co-

operation with representatives of Central Design Bureau "Almaz" from a 

helicopter MI-8 in the eighties of XX. 

A significant advantage of dispersing dimension is its implementation 

simplicity, processing speed and calculations efficiency. In 2000 it was 

proposed to calculate a fractal dimension using the locally dispersing method 

(ref. for example [4 – 7, 9 - 11]). In the developed algorithms they use two 

typical windows: scale and measuring. The scale window defines the necessary 
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scale of measurements which the scaling is observed in. That is why the scale 

window serves for selection of the object to be recognized and its following 

description in the framework of fractal theory. An image brightness or image 

intensity local variance is determined by the measuring window. The locally 

dispersing method of the fractal dimension D measurements is based on 

measuring a variance of the image fragments intensity/brightness for two spatial 

scales: 
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In formula (2) 
21, - root-mean-squares on the first 

1 and second  
2 scales of 

image fragment, respectively. Accuracy characteristics of the locally dispersing 

method were investigated in [4, 5, 7].  

It is proved [7] that in the Gaussian case the dispersing dimension of a 

random sequence converges to the Hausdorf dimension of corresponding 

stochastic process. The essential problem is that any numerical method includes 

a discretization (or a discrete approximation) of the process or object under 

analysis and the discretization destroys fractal features.  

The development of special theory based on the methods of fractal 

interpolation and approximation is needed to fix this contradiction. Various 

topological and dimensional effects during the process of fractal and scaling 

detecting and multidimensional signals processing were studied in [4 - 11].  

 

4  Textural and Fractal Measures in Radio Location  
 

During the process of radio location the useful signal from target is a part of the 

general wave field which is created by all reflecting elements of observed 

fragments of the target surrounding background, that is why in practice signals 

from these elements form the interfering component.  

It is worthwhile to use the texture conception to create radio systems 

for the landscape real inhomogeneous images automatic detecting [4 – 6, 9]. A 

texture describes spatial properties of earth covering images regions with locally 

homogenous statistical characteristics. Target detecting and identification occurs 

in the case when the target shades the background region at that changing 

integral parameters of the texture. Many natural objects such as a soil, flora, 

clouds and so on reveal fractal properties in certain scales [4 - 6].  

The fractal dimension D or its signature D(t, f, r


) in different regions 

of the surface image is a measure of texture i.e. properties of spatial correlation 

of radio waves scattering from the corresponding surface regions. At already far 

first steps the author initiated a detailed research of the texture conception 

during the process of radio location of the earth coverings and objects against its 

background.  

Further on a particular attention was paid to development of textural 

methods of objects detecting against the earth coverings background with low 

ratios of signal/background [4]. 
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5  Fractal Signal and Image Processing in the Interference 

 

The author was the first who shows that the fractal processing excellently does 

for solving modern problems when processing the low-contrast images and 

detecting super weak signals in high-intensity noise while the modern radars 

does not practically function [4 – 7, 9 - 11]. The author's developed fractal 

classification was approved by B. Mandelbrot during the personal meeting in 

USA in 2005. It is presented on Fig. 1 where the fractal properties are described, 

D0 - is a topological dimension of the space of embeddings.  

FRACTALS

A Infinite Number 

оf Scales and Self -

Similarity (Scaling)

The Hausdorf

Fractal Dimension

D > D0

The Number of

Iteration

n →∞

Mathematical Physical

The Hausdorf

Fractal Dimension

D ≥ D0

Finite Number of

Iteration

n

Fractional 

Derivates

and Integrals

A Finite Number of

Scales and Self -

Similarity (Scaling)

A Piecewise

Differentiable 

Function

 
Fig. 1. The author's classification of fractal sets and signatures 

 

The textural and fractal digital methods under author's development 

(Fig. 2) allow to overcome a prior uncertainty in radar problems using the 

sampling geometry or topology (one- or multidimensional). At that topological 

peculiarities of the sampling and also the scaling hypothesis and stable laws 

with heavy "tails" get important as opposed to the average realizations which 

frequently have different behavior [4 – 7, 9 - 11].  

 

6  Development of "Fractal Ideology" in Radio Physics  

 

A critical distinction between the author's proposed fractal methods and 

classical ones is due to fundamentally different approach to the main 

components of a signal and a field. It allowed to switch over the new level of 

informational structure of the real non-Markov signals and fields. Thus this is 

the fundamentally new radio engineering. For 35 years of scientific researches 
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my global fractal scaling method has justified itself in many applications - Fig. 

3. This is a challenge to time in a way. Here only the facts say! Slightly 

exaggerating one can say that the fractals formed a thin amalgam on the 

powerful framework of science of the end of XX. In the modern situation 

attempts of underestimating its significance and basing only on the classical 

knowledge came to grief in an intellectual sense. 

 

TEXTURES and FRACTALS for 

SIGNALS and IMAGES 

PROCESSING

Patterns Recognition,  

1987 + 1997

Morphologic Processing, 

1987 + 1997

Images and Signals 

Analysis, 1987

Textural and Fractal 

Signatures, 1987

Textural and Fractal 

Characteristics 

Selection, 1987

Conversion from 

Gaussian Statistics 

to Power Laws, 1980

Contours Selection,

1987 + 1997

Radio Signals 

Fine Structure,  1983

Images Filtering,  1987

Images Fractal 

Synthesis, 1996

Images Segmentation,

1987

Textural and Fractal 

Characteristics 

Dictionary, 1987 + 2003

Sampling Topology,

2000

Images Superposition,

1988

Images Clustering,

1987+1997

Textural Images 

Autoregressive 

Synthesis, 1987

Terrain Etalons 

Synthesis, 1988+2006

Histograms 

Modification, 1987

 
Fig. 2. Textural and fractal methods of processing low-contrast images and 

super weak signals in high-intensity non-Gaussian noise  

 

In fractal researches I always rest upon my three global theses:  

1. Processing of information distorted by non-Gaussian noise in the fractional 

measure space using scaling and stable non-Gaussian probabilistic distributions 

(1981) - Fig. 1 - 3. 

2. Application of continuous nondifferentiable functions (1990) – Fig. 1.  

3. Fractal radio systems (2005) – Fig. 3 and 4 [4 – 7, 9 - 11].  

A logic aggregation of the problems triad described above into the 

general "fractal analysis and synthesis" creates a basis of  fractal scaling method 

(2006) and a unified global idea of the fractal natural science and fractal 
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paradigm (2011) which were proposed and are investigated by the author now 

[4 – 7, 9 - 11]. Basing on the matter reviewed above next we will proceed to 

description of the fractal radar conception and also issues of its scale-invariant 

principles application in other systems of radio monitoring. In fact the question 

is about a fundamentally new type of radio location: fractal scale or scale-

invariant radio location. 

 

 
Fig. 3.  A sketch of author's new informational technologies development basing 

on fractals, fractional operators and scaling effects for nonlinear physics and 

radio electronics 

 

7  Principles of Scale-Invariant or Fractal Scaling Radio 

Location and its Applications  
 

At the moment world investigations on fractal radio location are exclusively 

conducted in V.A. Kotel’nikov IREE RAS. Almost all the application points of 

hypothetic or currently projectable fractal algorithms, elements, nodes and 

processes which can be integrated into the classical radar scheme are 
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represented on Fig. 5. The ideology of proceeding to the fractal radar is based 

on the fractal radio systems conception - Fig. 4.  

  In particular a multifrequency work mode is typical for the fractal 

MIMO-system [11 - 13] proposed by the author earlier since fractal antennas 

can radiate several waves lengths at the same time. Building of a tiny fractal 

radar with fractal elements and modern parametrons is possible for unmanned 

aerial vehicles (UAV).  
 

 
Fig. 4. The author's conception of fractal radio systems, devices and radio 

elements   
 

 
Fig. 5. The points of application of frac  tals, scaling and fractional operators for 

proceeding to the fractal radar  
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At the same time the fractal processing at the point of control of UAV 

transmitted information will allow to improve sharply and automatize the 

processes of detecting, clustering and identification of targets and objects. 

Moreover UAV fractal coating will sharply reduce the probability of its 

detecting in flight.  

 

8  Fractal Detection of Objects on Images From SAR and UAV   
 

The base data for digital fractal processing of radar images were obtained by 

satellite radar with the synthetic aperture (SAR) PALSAR of L-range (Japan). 

PALSAR is a space SAR at wavelength 23 cm with spatial resolution of about 7 

m which is developed by Japanese agency JAXA and which was successfully 

working on orbit from 2006 till 2011.  

A radar image of Selenga estuary in Transbaikalia obtained in the FBS 

high resolution mode on the coherent horizontal polarization on 7 August 2006  

is presented on Fig. 6 as an example.  

 

 
 

Fig. 6. Selenga estuary on the РСА 

PALSAR photo from 7 August 

2006 

 

Fig. 7. The result of fractal 

processing of the РСА PALSAR 

 

The shooting zone of about 60 × 50 km includes the forest covered 

mountainous area Hamar - Daban (at the bottom, it is reproduced by a brighter 

tone with the typical "crumpled" structure), the flat area of Selenga estuary (in 

the middle of the top image part, it is reproduced by darker tones) and the 

smooth water surface of the lake Baikal (the black segment in the left upper 

corner of the image). The banded structures are seen in the flat part of the 

image, these are the bounds of agricultural fields. Also the clusters of bright 

objects are seen, these are the strongly reflecting elements of buildings and other 

constructions in the range of settlements. The long twisting dark lines on the 

plain are the multiple arms of Selenga. 

The fields of local values of dispersing fractal dimension D were 

measured at the first stage of radar images fractal processing by a SAR (Fig. 7). 
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Next the empiric distribution of values of the instant fractal dimension D was 

obtained Fig. 8. 

 

 
 

Fig. 8. An empiric distribution of values of the instant fractal dimension D  

 

Below the examples of fractal clustering over D are presented (Fig. 9  

and Fig. 10). The selected image fragment with fractal dimension D 2,2 

nearby the first big peak (Fig. 8) is presented on Fig. 9. The selected image 

fragment with fractal dimension D 2,5 (  Brownian surface) nearby the third 

and fourth big peak (Fig. 8) is shown on Fig. 10.  

 

  
 

Fig. 9. A fragment with D 2,2. 

 

Fig. 10. A fragment with D 2,5. 

 

Previously invisible (hidden) peculiarities (for example earth coverings 

distant probing clustering data [4 - 6]) along with a stable distribution by earth 
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coverings types are registered after fractal processing of surface images. It 

allows speaking of application of fractal recognition methods for the 

identification of image parts which are "invisible" when using classical methods 

of clusterization over the brightness field. 

 

9  Fractal Characteristics of the High-Altitude Discharges in 

Ionosphere  
 

4 million lightnings draw the sky every 24 hours and about 50 lightnings draw 

the sky every second. And over the lead thunderheads, a light show of "unreal 

lightnings" is developing in the upper atmosphere: azure jets, red-purple sprites, 

red rings of highly soaring elves. These are discharges of very high energy 

which do strike the ionosphere and not the ground! Thus high-altitude electrical 

discharges (20 - 100 km) subdivide into several basic types: elves, jets, sprites, 

halo and so on - Fig. 11 (This is the first colour image captured of one by NASA 

aircraft in 1994). A history brief: a significant event occurred in the Earth study 

history in the night of 5 to 6 July 1989. Retired professor and 73 years old 

NASA veteran John Randolph Winkler pointed an extremely sensitive camera 

recorder to thunderstorm clouds and then he detected two bright blazes during 

inspecting the record frame by frame. The blazes go up to the ionosphere in 

contrast to lightning’s which should go down to the ground. This way the sprites 

were discovered. The sprites are the biggest high-altitude discharges in the Earth 

atmosphere. After these publications NASA had not already been able to 

disregard the potential threat to space vehicles and they started a comprehensive 

research of high-altitude discharges. 

 

 
 

Fig. 11. Dynamical fractal structures in the atmosphere (copyright: Abestrobi 

(Wikipedia))   
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The most short-lived high-altitude discharges are elves. They arise in 

the lower ionosphere at altitudes 80 - 100 km. The luminescence arise in the 

center and expands to 300 - 400 km for less than a millisecond and then it goes 

out. The elves are born in 300 microseconds after a strong lightning stroke from 

a thunderstorm cloud to the ground. It gets altitude 100 km for 300 

microseconds where it "arouse" a red luminescence of nitrogen molecules. The 

most enigmatic high-altitude discharges are azure jets. These are also a 

luminescence of nitrogen molecules in the ultraviolet-blue band. They look like 

an azure narrow inverse cone which "starts" from the upper edge of a 

thunderstorm cloud. Sometimes jets reach altitude 40 km. Their propagation 

speed varies from 10 up to 100 kilometers per second. Their occurrence is not 

always due to lightning discharges. Besides azure jets they mark out "azure 

starters" (they propagate up to altitudes   25 km) and "giant jets" (they 

propagate up to altitudes of the lower ionosphere about 70 km). Sprites are very 

bright three-dimensional blazes with duration around milliseconds. They arise at 

altitude 70 - 90 km and descend down 30 - 40 km. Their width reaches tens of 

kilometers in the upper part. Sprites blaze up in the mesosphere in about one 

hundredth part of a second after the discharge of powerful lightnings "cloud - 

ground". Sometimes it occurs at a distance of several tens kilometers 

horizontally from the lightning channel. The red-purple colour of sprites as well 

as elves is due to the atmosphere nitrogen. The frequency of sprites occurrence 

is about several thousand events per 24 hours over the entire globe. The fine 

structure of the lower sprites part is characterized by dozens of luminous 

channels with cross sectional dimensions from tens to hundreds meters. Sprites 

occurrence is related with formation of high electrical dipole moment of 

uncompensated charge after especially powerful lightning discharges cloud-

ground with usually positive polarity. 

Dynamical spatial-temporal singularities and morphology of sprites can 

be particularly explained by the discharges fractal geometry and percolation 

[14]. Here we have one more example of a self-organized criticality when the 

system (a high-altitude discharge in this case) dynamics is determined by 

reaching the threshold of the so called directed percolation which characterizes a 

formation of branchy (fractal) conductive channels overlapping all the sprite 

length. A different situation arises with issues of data statistical processing. Here 

the classical methods are used by tradition. It does not allow to extract all the 

information about such newest atmospherical structures. Selected examples of 

our fractal processing of sprite profiles (Fig. 12) are presented on fig. 13, a - c. 

Examples of fractal processing of a jet (Fig. 14, a) are presented on Fig. 14, b, c.  

The fractal-scaling methodology which was used for describing the 

morphology of jets, sprites and elves can be successfully used to estimate their 

parameters and dynamics of their evolution [14]. Then the mathematical physics 

problems are solved.  

 



Chaotic Modeling and Simulation (CMSIM)  3: 317-331, 2016         329 
 

 
 

Fig. 12. The original sprite image (USA, NASA [15])  

 

 
(a) 

 
(b) 

 
(c)  

 

Fig. 13. Results of fractal filtering of a sprite image: (a) a pattern 

of fractal dimension with the mean value D  = 2,3; (b) – 2,8;  

(c) – 3,0   

 

 
(a) 

 
(b) 

 
(c)  

 

Fig. 14. Results of fractal filtering of a giant jet image (the photos 

were taken in China August 12, 2010)  (a) - the jet image [16], (b) 

and (c) – profiles of D estimates   
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Conclusions 
 

The fractal problem in radio location, radio physics and radio engineering is 

indeed immense. Here I illustrate only fundamental initial issues. It is always 

hard and even impossible to recede from habitual standards... But the author has 

good reasons to think that the extensive and valuable material he already 

obtained and the results of further researches will be used in advanced radio 

systems. The fractal radio physics, fractal radio engineering and fractal radio 

location are peculiar radio sciences. They are suffused with a spirit and ideas of 

the classical radio physics and radio engineering but at the same time they are 

fundamentally new areas of focus. The results of conducted researches oriented 

to enhancing the interference immunity of work of radio systems on a radio 

channel with high-intensity noise and distortion showed opportunities of the 

approach on the basis of using textural and fractal-scaling methods of detecting 

and processing random signals and fields. 

The author raised these questions back in 1980, and for 35 years has 

been successfully working on their resolution [4 - 6]. Fractal methods similar to 

ones presented in this work can be applied when considering wave and 

oscillatory processes in optics, acoustics and mechanics. Results and 

conclusions obtained by the author and his pupils have great innovative 

potential. We think that its realization will resolve a number of current problems 

of radio physics, radio engineering, radio location, communication and 

operation and also will allow to provide a new quality for detecting and 

recognition systems and also development of the new informational 

technologies.  

Many important stages in fractal directions development including the 

stage of this science field formation have been already passed. However many 

problems are still to be solved. Results and specific solutions are not of so 

greatest value like the solution method and its approach are. The method is 

created by the author [4 – 14, 17 - 21]. It is necessary to put it all into practice!  
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