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Abstract. Introducing the Lamé operator in the telegraph equation, we obtain
theoretically a similar nonlinear system. In this work we are interested in the existence
and uniqueness of function u=u(x,t), x €Q , t €(0,T) solution for the new system by the
elliptic regularization method.
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1 Notations and position of the problem

Let Q an open bounded domain of IR", with regular boundary I'. We denote by

Q the cylinder IR} XIR: Q = Q x ]0,T[, with boundary X. L designed Lam¢é
system define by pA + (A+p)Vdiv, A and p are constants Lamé with A+ p >0 and
h,f are functions. We look for the existence and uniqueness of a function
u=u(xt), x e Q,t€]0,T[, solution of the problem (P)

u=20 onx (11.2)
u(x,0) =ulx,T) vVxeQ (1.1.3)
t u'(x,0) =u'(x,T) VxeQ (1.1.4)

u+u +u—Lu+ WP =f inQ (11.1)
®) { @.1)

2 Existence of the solution

Theoreml. Assume that Q is bounded open of IR" are given f, with f € L(Q).
Then there exists a function u = wy+w satisfying (P)

wo € HE (Q) + W24(Q) n W, (Q) (1.2)
we L2(0,T; HE () (1.3)
w' e LP(Q) (1.4)
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Proof we use an approach due to G. Prodi [11] we have :

u=wy+w
w, independent of t (1.5)
fOT wdt =0
We introduce the Prodi idea (1. 5) in (1.1.1) we having
wHutu—Lu+ U - f=f+
Lu, (1.6)
We consider the derivative of (1.6) we obtain
i " ! _ "p—2,,1y — d_f
dt(u +u +u-—Lu+|u|P?%u) = ”
1.7
And
T
Joudt =0
u(T) = u(0) (1.8)
u'(x,0) =u'(x,T)
We deduce to (1.7)
u” — Lu+ [u'|P~2u’ — f = hy with hy independent of t
(1.9) For resolve (1.7) and (1.8) we denotes. L = -A; B(u') = |u'|P~2u/
And we define the functional space V:
v:ve L2(0,T, Hy (Q)); v'eL2(0,T, (H} () n LP(Q);
e 12(0,T, L2(Q)); fOT v(t)dt = 0; v(T) = v(0); v'(T) = v'(0)
(1.10)
The Banach structure of V is defined by
oy = 0ol 2o mng o) *+ 10" Diz(omng o) * Wolipcar + 10z 2
We define the bilinear form:
b(u,v) = [J[(u",v) + (4w, v) + (B, v)]dt (1.11)
The weak formulation of (1.7) and (1.8) is to find weV such that
T

b(u,v) = f(f,v’)dt Y velV (1.12)
0

But (1.12) not coercive.
Then we following some ideas of Lions for obtain the elliptic regularization,
given § > 0 and u, v €V, we define

T T
ms(u,v) = 5] [@"v") + (Au',v)]ds + f(u" + Au + B(u),vds. (1.13)

The application v — mg(u, v) is continuous on V so there exists an application
BS € V,: 7'[5(1.1., 17) = (B(g (u), v) (114)
The linear operator Bs : V —V 'satisfies the four properties:

Bs is bounded in V ' for all bounded set in V and is a hemi continuous and is a
strictly monotonous and is coercive.
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In view of these properties and as consequence of theorem of Lions [4], there
exist unique a function use V:
T

s(us, v) = f(f,v’)dt YV veV (1.15)
0

2.1 A priori estimates |

Explicitly the elliptic regularization (1.15) and setting v = us, we obtain:
T T T

(Sj [lu"s1% + llu's11*1dt + j[lu’sl2 + (Bu's), u's)]dt = j(f.ua)dt (1.16)
0 0 0
Or

T T

' ! _ P —
j B w)dt = W%, And f udt =0 = ullz (g s o) <
0 0

C ”u’”LZ(O,T,Hol (Q))

Then

u' 5 is bounded in LP(Q) when § — 0 (1.17)
T

6 [ [lw'sf? + usl? + 7] e < (118)
0

Or

J, usdt = 0. We have by (1.17) and (1.18) that:

ug is bounded in LP (Q) (1.19)

And
T

5f lusll?dt < C (1.20)
0

2.2 A priori estimates |1
Exchange in (1.15) v with:
T T

v(t) = f us(s)d — ;f(T — S)us(s)ds (1.21)
We verifgl that: ’

fvdtzO VveV
0

(1.22)

v = ug
Taking into account (1.21) in (1.15) we get

5 f [Ws's) + (s us) + (A's,ug)]dt + f (s, g) + (W', ug)]dt
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T T T

f Hluslide + f (Bu's) st = f (Frup)de (1.23)
By using per|0d|C|ty of us, u'seV, we obtaln
f (w5, u's)dt = f(Au sUs)dt=0 (1.24)
And

T

T
f (w5 us)dt = (W's(T),us(T)) — (w'5(0),us(0)) — f(u’(;, u's)dt
0 0

T
—f|u’5|2dt (1.25)

0
By (1.24) and (1.17) we have
T

f (u's,us)dt| <C when 6-0 (1.26)
0

Also, from (1.17) and (1.19) we obtain:

T
f (BW's),ugddt| < 1B )pco) llusllrey =C (1.27)
0

Combining (1.24), (1.26), (1.27) with (1.23) we deduce
T

j |lusll?dt < C (1.28)

0
2.3 Passage to the limit
From (1.17) and (1.28) that there exists a subsequence from (us), such that

us > 0 weakin L?(0,T,Hi (Q)) (1.29)
u's > u' weakin LP(Q) (1.30)
Bu's) » y weak in L1(Q) (1.31)

Passage to the limit in (1.15) we obtain

f[( —u,v'") + (Au, v") + (x, v')]dt —f (f,v)dt vv eV (1.32)

Use the convolution technical in (1.32) we have
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f ot * ng * ng)dt = f (Fd' =75 #18)dt Vv €V (133)
When

T
f()(, u'’ )dt = f (f,u)dt VvevV (1.34)
0 0

3 Uniqueness of solution:

Theorem

Under the hypotheses of the theorem of existence, we consider two solutions u,
and uy of the problem (P) then u;= up.

Proof: We subtract the equations (1.9) corresponding to u; and u, and sitting
¢ = uz-U, we have:

0" +Ap + B(us") — Buz") (2.1)
Denoting by (ns) the regularizing sequence a similar argument by Brézis [2] we
obtain

O N5 kN5 =15 *7s (2.2)
Hence, by using (1.2) and (1.3), we have
d=0p+d,: 0, €Vandpel?(0,T,H} (V) (2.3)
From (2.2) we get
O ks x1s = Qx5 %05 =@ *75 %15 (24)
Show that

T

[ @6 ns = nsrae =0

0
When
T
d ,
fd— 0, 0" *ns *ns)dt
0

T T
= [ @4 s e+ [ @07 wns x5 = 0
0 0

(2.5)

Therefore
T T

" ! 1 d ! !
f(¢ & s e ne)dt = Efa(w M+ 1)t = 0 (26)
¢ and ng periodic then We have

f(¢¢ e s * ms)dt = f<¢ §' %15 *m5)dt = f(A¢¢ emsen)dt  (27)

From (2.1); (2.6) and (2. 7) we obtain:
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T

[ @@ =, d ngong) = 0 28)
0

Passage to the limit in (2.8) we have

T

@@ —paws —wpae= o 29)
0
Where

u,—u,=0=u'y=u', (2.10)
This implies that

0 = uq-u, = 6, 0 independent of t (2.11)

From (2.7) and (2.11) we obtain
T
f(Ae, 0)dt=0 VOEeEV (2.12)

0

We deduce from (1.2)

0 € HY (Q) +W24(Q) n Wy () (2.13)
By (2.12) and (2.13) and using theorem of Green we have (A8,0) =0= 6 =0.
Where the uniqueness of solution.
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