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Abstract. We consider the problem of estimating reachable sets of nonlinear dy-
namical control systems with uncertainty in initial states when we assume that we
know only the bounding set for initial system positions and any additional statis-
tical information is not available. We study the case when the system nonlinearity
is generated by bilinear terms in the right-hand parts of differential equations. In
particular, bilinearity may be caused by uncertainty in the matrix elements included
in the state velocities of dynamical system. We deal with star-shaped reachable sets
and use for its description the Minkowski gauge functions. Using results of the theory
of trajectory tubes of control systems and techniques of differential inclusions theory
and also results of ellipsoidal calculus we find set-valued estimates of related reachable
sets of such nonlinear uncertain control system.
Keywords: Nonlinear control systems, Bilinear dynamics, Estimation approaches,
Ellipsoidal calculus, Funnel equations, Trajectory tubes.

1 Introduction

The paper deals with the estimation problems for uncertain systems in the
case when a probabilistic description of noise and errors is not available, but
only bounds on them are known (Kurzhanski[18], Kurzhanski and Valyi[20],
Kurzhanski and Varaiya[21], Schweppe[28]). Such models may be found in
many applied areas ranged from engineering problems from physics to eco-
nomics as well as to biological and ecological modeling when a stochastic nature
of the errors is questionable because of limited data or because of complexity
of the model (August et al.[1], Boscain et al.[3], Ceccarelli et al.[4], Milanese et
al.[25]). Related results connected with a so-called bounded-error character-
ization, also called set-membership approach, has been proposed and inten-
sively developed in the last decades (Bertsekas and Rhodes[2], Chernousko[6],
Kurzhanski[18], Kurzhanski and Valyi[20], Kurzhanski and Varaiya[21], Mi-
lanese et al.[25], Schweppe[28], Walter and Pronzato[29]). For models with
linear dynamics under such set-membership uncertainty there are several con-
structive approaches which allow finding effective estimates of reachable sets
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of control systems under uncertainty (Chernousko[6,7], Gusev[17], Kurzhanski
and Valyi[20], Kurzhanski and Varaiya[21], Polyak et al.[26]). Among recent
challenges in nonlinear set-membership estimation theory is to develop tech-
niques, which produce bounds for the reachable set of unknown states of dynam-
ical systems under uncertainty without being too computationally demanding,
some of such approaches may be found e.g. in Brockett[5], Kurzhanski and
Filippova[19], Mazurenko[24], Filippova and Lisin[11].

We consider in this paper the nonlinear dynamical system containing both
measurable and impulsive controls and assume that the system nonlinearity
is generated by the combination of two types of functions in related differen-
tial equations, one of which is of bilinear type with ellipsoidal constraints on
uncertain matrix parameters and the other one is quadratic. The study con-
tinues the previous researches (Filippova and Lisin[11], Filippova, Matviychuk
and Makarov[14], Filippova and Matviychuk[15]) and extends the approaches
for the case of impulsive control systems with a new class of uncertainties in
matrix parameters presented in dynamical equations.

The paper is organized as follows. Section 2 gives the problem statement
and introduces the terminology used in the paper. In Section 3 we provide new
results on finite difference estimation schemes. Here we present also an algo-
rithm for calculating the external ellipsoidal estimate of reachable sets of the
nonlinear system. Finally, Section 4 presents conclusions and the last Section
contains acknowledgments.

2 Problem formulation

2.1 Notations and preliminaries

We introduce here the following notations. Let Rn be the n-dimensional vector
space, compRn be the set of all compact subsets of Rn, Rn×m stands for the
set of all real n × m-matrices, x′y = (x, y) =

∑n
i=1 xiyi be the usual inner

product of x, y ∈ Rn with prime as a transpose,

‖x‖ = ‖x‖2 = (x′x)1/2, ‖x‖∞ = max
1≤i≤n

|xi|

be vector norms for x ∈ Rn, I ∈ Rn×n be the identity matrix, tr (A) be the
trace of n × n-matrix A (the sum of its diagonal elements). We denote by
B(a, r) = {x ∈ Rn : ‖x − a‖ ≤ r} the ball in Rn with a center a ∈ Rn and a
radius r > 0 and by

E(a,Q) = {x ∈ Rn : (Q−1(x− a), (x− a)) ≤ 1}

the ellipsoid in Rn with a center a ∈ Rn and with a symmetric positive definite
n× n-matrix Q.

Consider the following system (t0 ≤ t ≤ T , x ∈ Rn)

dx(t) =
(
A(t)x(t) + x′Bx · d+ u(t)

)
dt+ Cdv(t),

A(t) = A0 +A1(t), A1(t) ∈ A1, x(t0 − 0) = x0 ∈ X0 = E(a0, Q0),
(1)
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where B and Q0 are positive definite and symmetric matrices, parameters
d,C, a0 are known n-vectors (d,C, a0 ∈ Rn).

Here we assume that the n×n-matrix A0 is given and the measurable n×n-
matrix A1(t) is unknown but bounded and satisfies the constraint A1(t) ∈ A1

(t ∈ [t0, T ]), therefore we have the inclusion

A(t) ∈ A = A0 +A1, t0 ≤ t ≤ T. (2)

We consider the case when A1 in (2) has the form

A1 =
{
A={aij}∈Rn×n : aij = 0 for i 6= j, and

aii = ai, i = 1, . . . , n, a = (a1, . . . , an), a′Da ≤ 1
}
,

(3)

where D ∈ Rn×n is a symmetric and positive definite matrix. This assump-
tion differs from the case considered earlier in Filippova, Matviychuk and
Makarov[14], Filippova and Matviychuk[15]) and generalizes the results (Filip-
pova and Lisin[11], Matviychuk[22,23].

We assume here that the impulsive function v : [t0, T ] → R in (1) is of
bounded variation on [t0, T ], monotonically increasing and right-continuous,

Vart∈[t0,T ] v(t) = sup
{ti}

k∑
i=1

|v(ti)− v(ti−1)| ≤ µ,

∀ti : t0 ≤ t1 ≤ . . . ≤ tk = T,

(4)

where µ > 0 is given. Denote the above class of functions v(·) as V.
We assume also u(t) ∈ U = E(â, Q̂) where the center â and the matrix Q̂

of the ellipsoid U are known.
The reachable set X (t) of the system (1)-(4) at time t (t0 < t ≤ T ) is

defined as the cross-section of the related trajectory tube (Kurzhanski and
Filippova[19])

X (t) = X (t; t0, X0) = { x ∈ Rn : ∃ x0 ∈ X0, ∃ u(·) ∈ U , ∃ v(·) ∈ V,
∃ A(·) ∈ A1 such that x = x(t) = x(t; u(·), v(·), x0, A(·)) }.

(5)

The main problem studied here is the following
Problem. Find the external ellipsoidal estimate E(a+(t), Q+(t)) (with

respect to the inclusion of sets) of the reachable set X (t) (t0 < t ≤ T ) by using
the analysis of a special type of nonlinear control system (1)-(4) with uncertain
initial data.

2.2 Auxiliary results

Bilinear dynamic systems constitute a special class of nonlinear systems rep-
resenting a variety of important physical processes. A great number of re-
sults related to control problems for such systems has been developed over
past decades, among them we mention here Boscain et al.[3], Brockett[5],
Chernousko[7], Filippova and Lisin[11], Matviychuk[22,23], Mazurenko[24],
Polyak et al.[26]. Reachable sets of bilinear systems in general are not convex,
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but have special properties (for example, may be star-shaped (Kurzhanski and
Filippova[19], Filippova and Lisin[11]) We, however, consider here the guaran-
teed state estimation problem and use ellipsoidal calculus for the construction
of external estimates of reachable sets of such systems.

Consider first the following control system of bilinear type which is simpler
than the system (1) because it does not contain quadratic terms

ẋ = A(t)x+ u(t), t0 ≤ t ≤ T, x0 ∈ X0 = E(a0, Q0), (6)

where x, a0 ∈ Rn, with a matrix Q0 being symmetric and positive definite. We
will assume that

u(t) ∈ U = E(â, Q̂). (7)

The bilinearity of the system (6) is due to the fact that the measurable matrix
function A(t) ∈ Rn×n is not known but satisfies the constraint

A(t) ∈ A, t0 ≤ t ≤ T, (8)

where
A = {A ∈ Rn×n : A = diag a, a ∈ A0}, (9)

A0 = { a ∈ Rn :

n∑
i=1

|ai|2 ≤ 1 }. (10)

Assumption 1 We will assume further that 0 ∈ X0 and 0 ∈ U .

With this assumption the reachable sets X(t) of the system (6) are compact
and star-shaped [11] and the following equality is true for Minkowski (gauge)
functional [8,11],

hM (z) = inf{t > 0 : z ∈ tM, x ∈ Rn},

namely the next theorem is true.

Theorem 1 ([22]) The following external estimate is true

X (t0 + σ) ⊆ E(a+(σ), Q+(σ)) + o(σ)B(0, 1), lim
σ→+0

σ−1o(σ) = 0, (11)

where

a+(σ) = a0 + σâ, Q+(σ) = (p−1 + 1)Q1(σ) + (p+ 1)σ2Q̂,

Q1(σ) = diag (p−1 + 1)σ2a20i + (p+ 1)r2(σ) | i = 1, . . . , n ,

r(σ) = maxz ||z|| · (h(I+σA)X0
(z))−1,

(12)

and p is the unique positive root of the equation

n∑
i=1

1

p+ αi
=

n

p(p+ 1)
with

αi ≥ 0 (i = 1, ..., n) being the roots of the following equation |Q1(σ)−ασ2Q̂| =
0.
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Note that the result presented in Theorem 1 is more convenient for compu-
tational implementations than the estimates given in Chernousko[7] and Filip-
pova and Matviychuk[16] for systems with separate constraints on elements of
unknown matrix which defines bilinear terms in the system dynamics.

In this paper we extend and modify this approach to the case when the
impulsive control system contains nonlinearities defined by a quadratic form
in the right-hand sides of differential equations and also nonlinearities defined
by uncertainty in coefficients of linear terms of the systems with quadratic
constraints.

3 Main result

Consider the general case of the system dynamics (1)-(4) and here we take
X0 = E(a0, Q0) = E(a0, k

2B−1) with k > 0 (the same result will be valid also
if we assume instead that X0 = E(a0, Q0) ⊆ E(a0, k

2B−1) with some k > 0, see
also related discussions in Filippova et al.[14], Filippova and Matviychuk[15]),
therefore we consider the impulsive system

dx(t) =
(
A(t)x(t) + x′Bx · d+ u(t)

)
dt+ Cdv(t),

A(t) = A0 +A1(t), A1(t) ∈ A1,

x(t0 − 0) = x0 ∈ X0 = E(a0, k
2B−1),

(13)

with constraints
A(t) ∈ A = A0 +A1, t0 ≤ t ≤ T, (14)

A1 =
{
A={aij}∈Rn×n : aij = 0 for i 6= j, and

aii = ai, i = 1, . . . , n, a = (a1, . . . , an), a′Da ≤ 1
}
,

(15)

where D ∈ Rn×n is a symmetric and positive definite matrix.
Let us use the approach of Rishel[27] and introduce a new time variable:

η(t) = t+

t∫
t0

dv(s),

and a new state coordinate

τ(η) = inf{t | η(t) ≥ η}.

Consider the following inclusion

d
dη

(
z
τ

)
∈ H(τ, z),

z(t0) = x0 ∈ X0, τ(t0) = t0, t0 ≤ η ≤ T + µ,

H(τ, z) =
⋃

0≤ν≤1

{
ν

(
C
0

)
+ (1− ν)

(
Az + z′Bz · d+E(â, Q̂)

1

)}
.

(16)
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Denote as w = {z, τ} the extended state vector of the system (16) and
the reachable set of the system (16) as W(η) = W(η; t0, w0,A,X0 × {t0})
(t0 ≤ η ≤ T + µ).

Theorem 2 The following inclusion holds true for σ > 0

W(t0 + σ) ⊆
⋃

0≤ν≤1

W(t0, σ, ν) + o(σ)B(0, 1), lim
σ→+0

σ−1o(σ) = 0, (17)

where

W(t0, σ, ν) =

(
E
(
a∗(σ, ν), Q∗(σ, ν)

)
t0 + σ(1− ν)

)
,

a∗(σ, ν) = a0 + σ((1− ν)(a0
′Ba0 · d+ k2d+ â) + νC),

Q∗(σ, ν) = (p−1 + 1)Q̃(σ, ν) + (p+ 1)σ2Q̂∗ν ,

(18)

with E(âν , Q̂
∗
ν) being the ellipsoid with minimal volume such that

νC + (1− ν)E(â, Q̂) + 2(1− ν)d · a′0B · E(0, k2B−1) ⊆ E(âν , Q̂
∗
ν),

âν = νC + (1− ν)â,

and with function

Q̃(σ, ν) = diag{ (p−1 + 1)σ2a20i + (p+ 1)r2(σ) | i = 1, . . . , n }, (19)

r(σ) = max
z
||z|| · (h(I+σA)∗X0

(z))−1, (20)

Here p = p(σ, ν) is the unique positive root of the equation

n∑
i=1

1

p+ λi
=

n

p(p+ 1)

and λi = λi(σ, ν) ≥ 0 (i = 1, . . . , n) satisfy the equation |Q̃(σ, ν)−λσ2Q̂∗ν | = 0.

Proof. The above generalization is based on a combination of the techniques
described in the previous section and the results of Filippova and Matviy-
chuk[14,15].

The following estimate may be easily derived from the above theorem.

Corollary 1 The reachable set X (T ) is the projection of W(T + µ) at the
subspace of variable z: X (T ) = πzW(T + µ).

Remark 1. To determinate simpler estimate of the reachable setW(t0+σ) we
introduce small parameter ε > 0 and embed the degenerate ellipsoidW(t0, σ, ν)
in nondegenerate ellipsoid Eε

(
w(t0, σ, ν), Oε(t0, σ, ν)

)
:

W(t0, σ, ν) ⊆ Eε
(
w(t0, σ, ν), Oε(t0, σ, ν)

)
,

w(t0, σ, ν) =

(
a∗(σ, ν)

t0 + σ(1− ν)

)
, Oε(t0, σ, ν) =

(
Q∗(σ, ν) 0

0 ε2

)
.
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Thus, for all small ε > 0 we get

W(t0, σ) ⊂ Wε(t0, σ) =
⋃

0≤ν≤1
Eε
(
w(t0, σ, ν), Oε(t0, σ, ν)

)
⊂ Eε(w+(σ), O+(σ)), lim

ε→+0
h(W(t0, σ),Wε(t0, σ)) = 0.

The passage to the family of nondegenerate ellipsoids enables one to use the
algorithms developed in Filippova and Matviychuk[12] and to construct the ex-
ternal estimate Eε(w

+(σ), O+(σ)) of the union of ellipsoids Wε(t0, σ). There-
fore applying the above mention procedure we will get the ellipsoidal estimate
of the reachable set W(t0 + σ), namely we will have the inclusion

W(t0 + σ) ⊂ Eε(w+(σ), O+(σ)) + o(σ)B(0, 1).

The following algorithm is based on Theorem 2 and may be used to produce
the external ellipsoidal estimates for the reachable sets of the system (1).

Algorithm. Subdivide the time segment [t0, T + µ] into subsegments
[ti, ti+1], where ti = t0+ih (i = 1, . . . ,m), h = (T+µ−t0)/m, tm = T+µ. Sub-
divide the segment [0, 1] into subsegments [νj , νj+1], where νi = ih∗, h∗ = 1/m,
ν0 = 0, νm = 1.

1. Repeated steps begin with Step 1:
• Take σ = h and for given X0 = E(a0, k

2B−1) define by Theorem 4 the
sets W(t0, σ, νi) (i = 0, . . . ,m).

• Find ellipsoid Eε(w1(σ), O1(σ)) in Rn+1 such that

W(t0, σ, νi) ⊆ Eε(w1(σ), O1(σ)) (i = 0, . . . ,m).

At this step we find the ellipsoidal estimate for the union of a finite
family of ellipsoids [12].

• Find the projection E(a1, Q1) = πzEε(w1(σ), O1(σ)) by Lemma 2.
• Find the smallest k1 > 0 such that E(a1, Q1) ⊆ E(a1, k

2
1B
−1) (k21 is

the maximal eigenvalue of the matrix B1/2Q1B
1/2).

• Consider the system on the next subsegment [t1, t2] with E(a1, k
2
1B
−1)

as the initial ellipsoid at instant t1.
2. The next step repeats the previous iteration beginning with new initial

data.

At the end of the process we will get the external estimate E(a+(T ), Q+(T ))
of the reachable set of the system (1).

The algorithm presented above uses the the special structure of nonlinearity
of studied control system and is based on techniques of ellipsoidal calculus.
However we need to underline here that one of the subsequent steps of the
Algorithm contains the projection operator on the subspace of state variables
which is a significant complication of the whole estimation procedure, but it is
caused by the presence of the impulsive components in the control functions.
Remark 2. State estimation approaches presented in this paper use the special
structure of nonlinearity and uncertainty of the control system. The results
presented here use and develop previous investigations of ellipsoidal estimation
procedures for uncertain systems.
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4 Conclusion

The paper deals with the problems of state estimation for uncertain dynam-
ical control systems for which we assume that the initial state is unknown
but bounded with given constraints and the matrix in the linear part of state
velocities is also unknown but bounded. We study here the case when the
system nonlinearity is generated by the combination of two different quadratic
functions in related differential equations.

The modified estimation techniques were elaborated here to efficiently de-
scribe the reachable sets of control systems with studied nonlinear dynamics
and under uncertainty in initial states, including some classes of nonlinear
control systems of impulsive type. We present here procedures and numeri-
cal schemes for the construction of external estimates of reachable sets of the
systems under consideration.
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