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Abstract: This work investigates the stability of exoplanetary systems based on the
statistical theory of gravitating spheroidal bodies. The statistical theory for a
cosmogonical body forming (so-called spheroidal body) has been proposed in our
previous works. Starting the conception for forming a spheroidal body inside a gas-dust
protoplanetary nebula, this theory solves the problem of gravitational condensation of a
gas-dust protoplanetary cloud with a view to planetary formation in its own gravitational
field. This work develops the equation of state of an ideal stellar substance based on
conception of the universal stellar law (USL) connecting temperature, size and mass of a
star. This work also shows that knowledge of some orbital characteristics for multi-planet
extrasolar systems refines own parameters of stars based on the combined Kepler 3™ law
with universal stellar law (3KL-USL). The proposed 3KL-USL predicts statistical
oscillations of circular motion of planets around stars.

Thus, we conclude about a possibility of presence of statistical oscillations of orbital
motion, i.e. the oscillations of the major semi-axis and the orbital angular velocity of
rotation of planets and bodies around stars. Indeed, this conclusion is completely
confirmed by existing the radial and the axial orbital oscillations of bodies for the first
time described by Alfvén and Arrhenius.

Keywords: Gas-dust protoplanetary nebula, Spheroidal bodies, Gravitational
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1 Introduction

We develop a statistical theory of gravitating spheroidal bodies to explain a
stability of the orbital movements of planets as well as the forms of planetary
orbits with regard to Alfvén—Arrhenius’ oscillating force [1]-[3] in the Solar
system and other exoplanetary systems. The statistical theory of formation of
gravitating spheroidal bodies has been proposed in our earlier works [4]-[10].
Starting from the concept of forming a spheroidal body inside a gas-dust
protoplanetary nebula, this theory solves the problem of gravitational
condensation of a gas-dust protoplanetary cloud with a view to planet formation
in its own gravitational field and derives the law of planetary distances in the
Solar system generalizing the well-known laws [5], [6]. Within framework of
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statistical theory of gravitating spheroidal bodies, a new universal stellar law
(USL) connecting temperature, size and mass of each star has been derived [11].
Naturally, the stabilities as well as forms of planetary orbits depend directly on
the constancy of a gravitational field level around a star. As Alfvén and
Arrhenius noted, “the typical orbits of satellites and planets are circles in certain
preferred planes. In satellite systems, the preferred planes tend to coincide with
equatorial planes of the central bodies. In the planetary system, the preferred
plane is essentially the orbital plane of Jupiter (because this is the biggest
planet), which is close to the plane of the ecliptic. The circular motion with

period T is usually modified by superimposed oscillations. Radial oscillations
(in the preferred plane) with period ~T change the circle into an ellipse with
eccentricity €. Axial oscillations (perpendicular to the preferred plane), also

with a period =T , make the orbit inclined at an angle i to this plane” [1,
pp.343-344], [3]. Thus, due to the radial (axial) oscillating force the orbits of
moving planets in the Solar system are described by ellipses with focuses in the
origin of coordinates and small eccentricities (inclinations). In this connection,
the following question appears: what is the cause of the radial and the axial
oscillations as well as the nature of the periodic radial and the periodic axial
forces?

In this work we explain the origin of these oscillating forces [1]-[3] modifying
forms of planetary orbits within the framework of the statistical theory of
gravitating spheroidal bodies. A justification of the stability of orbital
movements of planets as well as the forms of planetary orbits with regard to
Alfvén—Arrhenius’ oscillating forces in planetary systems is considered.
Concretely, we show that a temporal deviation of the gravitational compression
function of a spheroidal body (modeling a gas-dust protoplanetary cloud)
induces the additional periodic forces making the orbits elliptic ones. Indeed, as
alleged earlier that orbits of moving particles inside a flattened rotating and
gravitating gas-dust protoplanetary cloud initially are to be circular, however,
during evolution of this protoplanetary cloud at formation of protoplanets these
orbits can be deformed a little due to collisions with other particles or
gravitational influences of forming adjacent planetesimals. In particular, V.S.
Safronov marked: «The assumption of initial motion of particles in circular
orbits looks natural. At small masses of bodies their gravitational variations
were weak, and particles moved in orbits close to the circular ones. In the
process of a planet growth, deviations of orbits from the circular increased, and
all bodies of a zone had an opportunity to be joined in one planet» [12, p.145].
However, it should be noted that orbits of the moving bodies at later stages of
evolution of a gas-dust protoplanetary cloud are formed mainly under the
influence of its centrally symmetric gravitational field, therefore the solution of
Binet’s equation determines namely the elliptic (or Keplerian) forms of
planetary orbits [13]. Moreover, both Newtonian theory of gravity [14] and
consequent Laplacean celestial mechanics [15] explain the elliptic orbits based
on centrally symmetric gravitational forces exclusively and do not consider the
processes of formation (including collisions, giant impacts, accretions or
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gravitational influences of other bodies). This means that such modification
(from the circular orbit to the elliptic one) cannot be explained by a process of
formation only since the possible reason consists of a temporal deviation of
gravitational field of a central body (a star) into a protoplanetary cloud, i.e.
stellar corona undergoes periodic small pulsations of compression. These small
pulsations of compression induce the radial and the axial oscillations (with the

circular frequencies @, and @, respectively) of orbital body motion. As
Alfvén and Arrhenius noted, the motion in a centrally symmetric gravitational
field “is degenerate in the sense that @, = @, ...This is due to the fact that there
is no preferred direction” [1], [3]. On the contrary, we confirm here that a spatial

deviation of the gravitational potential from the centrally symmetric one defines
a difference in the values of the radial and the axial orbital oscillations (when

o, # m,) for a rotating ellipsoid-like spheroidal body. That is why an

interference of these orbital oscillations can lead to the nonuniform rotation of
the stellar layers at different latitudes of a star.

We also show that the stability of parameters of planetary orbits is determined
by a constancy of the specific entropy in conformity with the principles of self-
organization in complex systems. Therefore, the proposed 3KL-USL explains
the stability of planetary orbits in our Solar system and other the multi-planet
extrasolar systems as such Kepler-20 [16], HD10180 [17], 55Cnc [18], [19],
Alpha Centauri [20], Upsilon Andromedae [21], Gliese 876 [18], etc.

2 The general antidiffusion equation of a slowly evolving process of
initial gravitational condensation of a rotating spheroidal body from
an infinitely distributed substance

According to the statistical theory [4]-[10] the process of planetary system
formation from a protoplanetary cloud to the star with planets can be described
by a multi-scale control parameter of dynamical states of a spheroidal body,
called the parameter of gravitational condensation « . With point of view of
the general statements of the statistical theory of gravitating cosmogonical
bodies, the mass density function of a sphere-like (slowly rotating) spheroidal
body is

p(r) = py-exp(-ar®12), (1)

where p, is a density in the center of spheroidal body:

0o =M(al2z)" )

and M is a mass of spheroidal body.

As appears from Eqg. (1) under an influence of gravitational interactions of
particles, there arises a substance mass density inhomogeneous along the radial
coordinate I'. Because of the mass density value strictly depends on < in
Eq.(2) this positive parameter defines a measure of gravitational interactions of



516 Alexander M. Krot

particles in a spheroidal body, therefore it is called the parameter of
gravitational condensation [4]-[9]. The greatest mass density is concentrated in

the interval [0, r.], where T. =1/\/E is a point of the mass density bending,

outside of which it decreases quickly. It follows from Eq.(1), the isosurface of
mass density (isostera) for a spheroidal body is a sphere.

The differential equation describing a process of initial gravitational
condensation of a sphere-like cosmogonical body in a vicinity of mechanical
equilibrium has been derived in our earlier works [5], [6], [9]:

5p 2
-G(t)Vp 3
™ (t) (3)

where G(t)_zi (L(: is a gravitational compression function (GCF). Since
a

a = a(t) is a monotonically increasing function then G(t) > 0.

Now let us consider the derivation of differential equation for a spheroidal body
forming when its isostera is evolving from the sphere to the spheroid. In this
connection, using the cylindrical frame of reference (h,&,z)we shall
investigate the mass density function o of a rotating spheroidal body with a

uniform angular velocity € in a vicinity of relative mechanical equilibrium [5],
(61, [8]. [9]:

p(h2)=p,-(A-ed) - ep(-alh’(1-2)+221/2), ()
where p, denotes the same density in the center of this spheroidal body in
accord with (2) and &, is a constant (of stabilization of the variable &) called
the eccentricity of an ellipse. Really, isosurfaces of the mass density (4) are
flattened ellipsoidal (or spheroidal if |go| <<1) ones, and 6‘5 is a parameter of

their flatness [6], [8], [9]. Obviously, when 85 — Othen the equation (4) goes

to Eqg. (1) for the non-rotational case.
Let us calculate the derivative of p with respect to the space coordinates

X,yand Zas well as the parameterscr and &, supposing them as slowly
changing (with the time) functions, i.e. & = (t) and &, = &, (t):

_ 2
P 3M[ 127 ]”2 -0 )<p(—a[h2(1—5§)+zz]/2)+M[a/27r]3’2><
oa 2 2;7

X(l_gg).[_w

]-ep(-a[h’(1-£2)+2%]12) = (5a)

=L B-a?1-€)+7%)],
20
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0 —ah?

P py(28,)-00(=afh?(L-&7) + 2211 2) + py (1—£2) -{-— o (<26, )} x

0&, 2 (5b)
2 2 2 250 a, ., 241.

xe(-all (L&) + 2112 = AL -]

0

Vip= a(hapj:‘a(l—sg)z/?o £ (0 ep(-alh(1-cf) +271/2)}=

"hian on h oh (5¢)
=-a(l-&)- pl2-a(l-£)h’];
o’p 0
2 _ 2% _ 2¢1 .2 2 _
Vzp_? —po(l 80) aZ{ al eXp( Cl[h (1 ‘90)+ z ]/2)}_ (5d)

= —ap, (- &2)-op(-alh?(L-&2) + 221/ 2)(L - az?) = —ap-[L- a2?];
V2p=V2p+V2p=—ap3-a(h’ (- &)+ %)+ 2 0 1—%(l—g§)h2].(5e)

So, taking into account Eq.(5a) we can see that
op

pl3-a(h*(1-¢gl)+12°)] =20 (6a)
ox
and according to Eq.(5b) we find:
a L2 1-&2 0Op
1-—(1-g)h’]=——"-"2. 12 6h
Pl 2( 0)h’] 26, 06, (6b)
With regard for Egs.(6a), (6b) the equation (5€) becomes:
Vzp:—Zaza—p—go(l—gg)a—p. )
oa 0¢,

Now we suppose that an evolution of the mass density of a rotating spheroidal
body with the time can be expressed by a composite function of

a=a(t)andg, =&, (t). In the first place, we obtain the main antidiffusion

equation (3) in the special case of the fixed parameter &, [6], [9]:

op Op da 1 da) _, 2

—=——=—-——--— [V p==-G()-V°p, (8a)
ot oa dt p=-GOVp

on the other hand, the following equation is true under consideration of the fixed

parameter « :

0 op de 1 de,

op_0op 8% _|_ - —2 .V, (8b)
ot oOg, dt ag,(l-¢g,) dt

With a view to study a temporal evolution of the solution of Eq. (7) we need

investigate the functional dependence &, =¢&, (e) occurring when@ 2 @
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(where o, za(tc)and t. is a moment of rotation origin). However, it is
impossible directly by virtue of the initial statement (at the derivation of the
function (4) in the work [6]) about independence ¢ of coordinates h, &, Z .
Consequently, the total derivative of the mass density function o (with respect
to the time) can be represented by the following relation:
do_op da op de
dt oo dt  og, dt
To find 8/0/ 880 let us use Eq. (7) at the fixed parameter & whence the
desired partial derivative is equal to
6_,0 = —%Vzp . (10)
oe, ag,(1-¢5)

)

Analogously, if the parameter&,is fixed then the main equation relative
to « follows directly from Eq. (7):
0 1

_p:__z.vzp
oa 2a

Substitution (10) and (11) in Eq. (9) leads to the following general

equation of antidiffusion with regard to a deformation of spheroidal body in
result of its rotation:

11

dp ~ 2
= =_G((t)V°p, 12
o OVp (12)

where é(t) is an antidiffusion function, i.e. GCF, taking into account the

flattening process of a rotating ellipsoid-like spheroidal body:
~ 1 d« 1 de
Gt)=——F=—+ ——.

20°(t) dt  ag,(l-g,) dt

In the case of finite values of ¢ and &, the antidiffusion function é(t) can

(13)

increase unlimitedly when o — 0 (at the so-called initial antidiffusion
condensation) and when &, — 0 (at the initial flattening). Therefore, the

antidiffusion condensation moment and the flattening moment can be the same,
but, in generally, they can be inconsistent. Probably, the flattening appears when
the gravitational field arises in a spheroidal body, i.e. in the case if

o (t) exceeds its threshold value &, [6]-[9].

When the parameter &, becomes finite ¢, =0 then a sphere-like spheroidal body

begins to deform (to be flattened) that implies a bifurcation on a diagram of
dynamical states of spheroidal body. As noticed by J.Jeans [22, p.p.188, 190,

191], «on continually varying some parameter (say &, is allowed slowly to



Chaotic Modeling and Simulation (CMSIM) 4:513-529, 2017 519

vary') we pass through a whole series of continuous configurations of
equilibrium, which form what Poincaré has called a “linear series”....Every
point on linear series is a configuration of equilibrium; a question which is of
the utmost importance in cosmogonical problem is whether this equilibrium is
stable or unstable. ...Thus we see that there is an exchange of stabilities at the
point of bifurcation».

In this connection, if we suppose that o = «(t) is a variable of one-dimensional

state-space of a spheroidal body then &,can be considered as a control

parameter [23], [24]. Really, «the conditions of secular stability assume
asomewhat different form for a mass rotating freely inspace. In this case the rate
of rotation is not constant, but changes as the moment of inertia of the mass
changes ... Secular stability is lost at a “turning point” or “point of bifurcation”»
[22, pp.199-201]. Then Jeans clarified [22, p.p.207, 209] that if the angular
velocity« Q =0,...so that the configuration must be spherical. If €2 is small,
although not actually zero, a spherical surface does not satisfy the condition, the

term %QZ(XZ +y?) destroying the spherical symmetry. In this case, as we shall

see almost immediately, the configuration is that of an oblate spheroid of small
ellipticity... Two linear series of equilibrium configuration, which are spheroidal
and ellipsoidal respectively. The configuration which form the first series are
commonly known as Maclaurin’s spheroid; those which form the second as
Jacobi’s ellipsoids...».

So, according to Eq.(13) a variation of the spheroidal body form is caused by a
dissipation, i.e. by the gravitational energychanging due to the interior energy of
gaseous cloud particles. Consequently, according to (9) the flattening process
cannot decrease the antidiffusion condensation in the axial direction, but it can
reduce the antidiffusion condensation in the rotational plane of a spheroidal
body.

As mentioned in our previous works [6]-[9], there is a threshold (critical) value
a, such as if g>¢ then a weak gravitational field (with the gravitational

potential (pg) arises in a spheroidal body. To decide this task, according to the

formula (1) we found that the gravitational potential of a sphere-like
(immovable or slowly rotating) spheroidal body is equal [4]:

gog(r)z—mfojexp(—axz/Z)dx=—;MTerf(r\/alz), (14)
a 0
where  » =6.673-10""N-m?/kg® is Newtonian gravitational constant,

ds is the error function. Since lim erf(r\/alz):l, then

2 j‘e_sz
\/; 0 r—o

for large I the last expression turns into

erf(x)=

1The author’s remark
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o,(r)= —WIT. (15)

The relation (15), as known, describes the gravitational potential of a field
produced by one particle (or a spherical body) of mass M . In the case of smalll

a2

r, the function efEr zl—%rz which leads to the transformation of formula

(14):

0)=- AT (1 o SR ¢ L) 2T 128 )
ar o 2 ar 6 3 a

In expression (16), the higher order values of smallness of r were ignored [4],
[9], [11]. Thus, expression (16) describes the gravitational potential in the near
zone of the field, while Eq. (15) describes that in the remote one of immovable
gravitating spheroidal body.

In the case of a rotating spheroidal body, the axial rotation of the spheroidal
body creates a flattening of its core, therefore the gravitational potential in a
near zone of uniformly rotating spheroidal body is described by the following

expression in cylindrical coordinates (h, g, Z) [10]:

2 2
¢,(h,2)= 2727/902(1_—80[(1—85)2*12 +2° —W} (17)

1-22f +1
The potential of gravitational field in a remote zone of a rotating

spheroidal body deviates from the 1/ r —gravitational field potential (15), so that
for large r it estimated by the relation in spherical coordinates (r,@, 3) [81,
[9]:

r{1-g,%sin 0 )
je"”’z '], M —}M[H‘?sinze] - (18)

20 M
@ (r,@ |r>>r,:_\/7" s~
i Torfl-glsinfd rfl-gsin’d T

Taking into account Eq. (14) we can find that the potential energy of a sphere-
like body is described by the expression [4], [9]:

2
E, =—4np, [/ a]? = W'—\E , (19)
2 \rx

whereas the potential energy of a rotating spheroidal body is equal:
E__ ;/MZ\/E J1-& J1-&
’ 2 \r g &

Since g, <<1then Eq. (20) goes over Eq. (19) under the condition ¢ — 0. It
follows directly from (19) that

arccot

(20)
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2E, '
a=r M) (21)

By analogy with Eq. (14) (see also [4], [9]) the average gravitational potential
energy of interaction of a test particle of mass m,, with a spheroidal body is

= o
Eg =- j/rnOM \/; ’ (22)

_ 2
o= 7{ mEgM ] | (23)
0

With usage Egs. (19)-(23) the universal stellar law (USL) has been obtained
[11].

whence

3 The derivation of the combined Kepler 3™ law with the universal
stellar law (3KL-USL) and explanation of stability of planetary
orbits through 3KL-USL

For a one-component gaseous cloud (for a spheroidal body formed by a
collection N of the similar particles with the masses M, so that M =m N is

its mass) let us use the virial theorem of Poincaré [22], [25]:
2E, +E, =0, (24)

where E, is the total kinetic energy and Eg is the total gravitational potential

energy of a steady state system in the form of a collection of particles moving
under no forces except their own mutual gravitational attraction.

According to Boltzmann’s molecular kinetic theory the total kinetic energy
ofheat movement of particles E, connects with the interior energy U of ideal

gas. As noticed by S. Chandrasekhar [26], for a cloud-like configuration of ideal
gas the following formula is true:

3 3
B =5 keTN =2 =1V (25)

where U is the interior energy of a cloud-like configuration of ideal gas, 7 is
the polytropic exponent, k, =1.38049-10*J/Kis Boltzmann’s constant. It

follows directly from virial theorem (24) and the formula (25) that
3(-1U +E, =0. (26)

Let us E,+U=E be the total energy of a cloud-like configuration of ideal gas.

Then according to (26) we can obtain that

E-—@-au =24

1 —

E, . (273)

]
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As shown by Chandrasekhar [26], a gaseous sphere is stable when 7> 4/3. Let
us AE and AU be a change of the total energy and a change of the interior
energy respectively. Then according to (27a) the quantity of energy lost by
radiation — AE during the compression process of a cloud-like configuration is
equal to

3i—-4

.

whereas the interior energy increases by the following quantity:

AE, >0, (27b)

~AE=- .

AU =—

AE, >0. (27c)
33— ¢

It follows from Eqgs. (19), (27a)-(27c), a share of the gravitational potential
energy in the form of the work‘AEg‘ done by the gravitational compression

only partly (in 314 times) is scattered in space through a radiation whereas a
3(:-1)

remaining part (;_ 34 _ 1 ) is spent to increase the temperature T of a
3:-1) 3(:-1

cloud-like gaseous configuration [26]. On the other hand, if a gravitating

spheroidal body is an evolutional model of a star then a significant part of its

gravitational potential energy in the compression process goes over to the

particle heat movement into it. In this connection, the question arises: how long

and why is a stable level of the gravitational field in fixed points of space (for

example, around stars) supported?

The preliminary reply follows from Egs.(19)-(22) under consideration that the
parameter of gravitational compression is changing with the time, i.e. the
a=af(t). Namely, owing to the slowly increasing parameter of gravitational

compression of a spheroidal body:

a(t)=at)+ox, t,>t, (28)
the absolute value of gravitational potential energy is also growing:
E,(t,)=E,(t)+E,, t,>t (29)

In other words, according to (19), (21), (23) the speed of dissipation of Eg is

equal to the speed of & changing in the steady state of virial equilibrium of a
spheroidal body. To answer the formulated question quantitatively let us use the
universal stellar law (USL) [11].

First of all, let us note that the USL connects the temperature, the size and the
mass of a star:

7 m -M
Ja . % —x. (30)
|
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where x = 3\/;k_B ~ 1.10003963-10*12(kgz/K -m)is the universal stellar
v

constant [11], m, =1.67248-102"kg is the mass of proton, [ is an average

relative number of all degrees of freedom for a particle m, of a highly ionized

stellar substance with a mean relative molecular weight £, , i.e. My = 4, -M,

and i = 31 is a number of all degrees of freedom.
By calculating the left part of Eq. (30) for the Sun (taking into account its mass

Mg,, =1.9891-10°kg, the parameter of gravitational —condensation
ag,, ~2.29701177718-107*°(m?) [11], the average temperature of the solar

corona T, o =1.5-10° K [27] and comparing with the universal stellar constant

x we find a coincidence up to the relative error equal 6 = 3.37% that testifies
the validity of the USL for the Sun. To verify the USL for other stars we need

approximation T, through the effective temperature T of stellar surface of

these stars, i.e. a modification of the USL.

This modified USL can be testified by calculating the left part of Eq. (30) with
usage of parameters for the different types of stars (see Table 1 and Ref. [11]).
First of all, we can note the satisfiability of Eq. (30) for the stars belonging to
the spectral class G like the Sun: namely, Table 1 shows that the modified USL
is carried out with the relative accuracy &§=1.34% for the star Kepler-20 of
type G8, it also is carried out with the small relative error 5 =—-0.1% for the star
HD10180 of type G1V and with high relative accuracy 6 = -0.75% for the star
HIP14810 of class G5 [11]. On the other hand, the modified USL is carried out

with 0 =—15.87% for the star o Centauri of type K1V which is caused,
probably, by an inexact estimation of temperature of its corona Tgc,,. for the

respective class K, i.e. by means of a directly proportional dependence Tcor on

Teff as in the special case of the Sun of type G2V.Thus, the low accuracy of this
law for the stars belonging to the spectral classes F or M, most likely, can be
explained by too rough approximation 'I'Cor for the more bright or dim stars
[11].
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Table 1.Verification of the modified USL for stars belonging to the
different spectral classes and types

Effective Relative
Stars Spectral Mass Ratio Radius temperat error
class M, kg y7 A R, m ure 6, %
and Tesr » K
type
& Persei 07.5111 7.16076-10% 1/1 9.737 -10° 35000 58.9
T Scorpii B0.2V 2.98365-10% 71 452075 -10° 29850 56.8
¥ Pegasi B2IV 1.770299-10% 1/1 3.3384 -10° 21179 51.1
o Andromedae A3V 7.16076-10% 11 1.87785.10° 13800 46.1
Sirius A AlV 4.017982-10% 1/1 1.190001-10° 9940 33.7
WASP-12 GO 2.685285-10% 1/1 1.091935-10° 6300 23.8
L Andromedae F8V 2.526157-10% 1/1 1.134361-10° 6212 30
KOI-94 None 2.486375-10% 1/1 1.151748-10° 6116 311
HD 74156 GO 2.466484-10% 11 1.09889-10° 6039 27
Kepler-60 None 2.18801-10%* 11 1.04325.10° 5915 30.8
HD 10180 G1Vv 2.108446-10%° 1/1 6.955.10° 5911 -0.1
Kepler-33 None 2.567928-10% 1/1 1.26581-10° 5904 32.9
HD 155358 GO 1.829972-10% 1/1 6.955-10° 5900 12.9
47 Ursae Majoris GOV 2.048773-10% 11 8.6242-10° 5892 21
Sun G2V 1.9891.10% 1/1 6.955-10° 5778 3.37
HD 1461 GOV 2.148228-10% 1/1 7.615725-10° 5765 4.5
1 Andromedae G3IV-V | 2.148228.10% n 8.658975-10° 5700 15
Kepler-11 G 1.889645-10% 1/1 7.6505-10° 5680 15.1
HAT-P-13 G4 2.426702-10% 11 1.08498-10° 5638 22.6
HD 37124 G4V 1.810081-10% 1/1 5.7031-10° 5610 -10.4
KOI-730 None 2.128337-10% 1/1 7.6505-10° 5590 2.87
61 Virginis G5V 1.889645-10% 1/1 6.5377-10° 5531 -1.99
HIP 14810 G5 1.969209-10% 1/1 6.955-10° 5485 -0.75
Kepler-20 G8 1.814059-10% 1/1 6.56552-10° 5466 1.34
¢ Centauri K1V 1.857819-10% 1/1 6.002165-10° 5214 -15.87
55 Cancri KOIV-V 1.800136-10%° 1/1 6.558565-10° 5196 -3.1
24 Sextanis G5 3.063214-10% 2/1 3.40795-10° 5098 31.17
18 Delphini G6lll 4.57493-10% 2/1 5.91175-10° 4979 39.33
Capella A KolIll 5.350679-10% 2/1 8.4851.10° 4940 50.17
14 Andromedae KOl 4.37602-10% 2/1 7.6505-10° 4813 53.61
¥ Cephei K1llI-v 2.78474.10% 211 3.40795-10° 4800 33.55
3 Ceti Kol 5.56948-10% 2n 1.167049-10% 4797 61.17
& Aquilae Galll 4.37602-10% 21 8.346.10° 4780 57.18
11 Comae G8 I 5.37057-10% 2/1 1.32145.10% 4742 66.54
HIP 57274 K5V 1.452043-10% 2/2 4.7294-10° 4640 -29.15
Groombridge34 M1.5V 8.035964-10% 2/2 2.635945.10° 3730 -59.5
Gliese 581 M2.5V 6.16621-10% 212 2.0865-10° 3498 -64.9
Gliese 876 M4V 6.643594-10% 22 2.5038-10° 3350 -54.59
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Supposing the mass of a spheroidal body to be a constant, i.e. M = const , let us
apply the USL (30) for two different states of a spheroidal body under
assumption that o = (t)is a variable in a dynamical state-space of this
spheroidal body:

., MM
Jay A 2 (312)
I1 Tl
w, mM
N (31b)
IZ T2
where o, =a(t), 7, =z (t), i =i(t) and T,=T(t),I =1, 2. Dividing

Eq.(31b)on Eq.(31a) we obtain:

\/0!_2=T i_2 _rl (32)

As noted in the work [11] as a rule i_1=i_2 =1for a highly ionized stellar
substance, therefore following Eq. (32) we conclude that

N2
%:[Tz.ﬂmj , (33)
o T, i,

The ratio shows that the parameter of gravitational condensation ¢ increases
when the temperature T of a shell of spheroidal body (called the stellar corona)

grows whereas the mean relative molecular weight s, reduces, i.e.cr is

directly proportional to the squared T and inversely proportional to the
squared £z, . The finding £, is not simple task in the case of a highly ionized stellar

substance [26], so that the formula (33) can be used for calculating £ in the

process of evolution of a star:
ﬁrZzﬁrl'L'@' (34)

T, Ja,

Now with aim to answer the main question on how a stable level of the

gravitational potential ?, is supported around a star in exoplanet system and how

owing to it the stability of planetary orbits occurs let us consider jointly the USL
(30) and Kepler 3" law (3KL) [28], [29]:

3
& _M (35)

T2 4x*’
where & is a major semi-axis of a planetary orbit, T, is a Keplerian period of
motion of a planet around its star (belonging to the Solar or exoplanet system).
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Taking into account the formula for the universal stellar

constant x- = 3/ - ﬁ let us rewrite the USL (30) in the following way:

y
\/Z._a_ KT =M . (36)
o M,

Then substituting the left part of (36) to the right part of Eq. (35) we obtain the
combined Kepler’s 3" law with the universal stellar law (3KL-USL):

a® 3 i o

T_IE_ 472'3/2mp Er Ja (37a)
where @ =KgT is a statistical temperature [30]. The combined law (37a) shows

that the stability of parameters of moving planet in orbit is determined by
constancy of the value:

0 i
Ja L,

that is confirmed by Eq. (32) completely.
Introducing a Keplerian angular velocity Q, = 277 T of rotation of a planet

around star the combined law (37a) can be written in the following form:

a’Ql :S.l_.L (38)

g e

= const, (37b)

where

k
s=3Jr —& (39)
m,
is a constant with the value equal to

1.38049-10 2 J/K
s ~3./3.14159265 - = 4.3890297-10° (J/kg- K) .
1.67248-10 2 kg (Vkg-K)

Let us note that this constant has physical measure of a specific heat capacity
C, or a specific entropy S [28], i.e. according to Egs. (38), (39a) the stability of
parameters of planetary orbits is determined by a constancy of the specific
entropy S in conformity with the principles of self-organization in complex
systems [24]. Really, the constant S can be represented as the following:
R 3 27 27
s=3Jr-—&-N, =3Jzr - —==". =c)-

k
Hy Hy 2 M Hy

: (39D)

1) . . . . .
where CL\Z is a molar heat capacity of one-atomic gas under the condition of its

constant volume V , N ,is Avogadro’s constant,*R is the universal gaseous
constant [28]. Then according to Eqg. (35), (38) and (39b) we obtain:
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PT N 7T
M=a’Q% =s. — —=c¥ . 2. .=
“ T Ne Yo L

=2\/;.%.L=£.CV _&u
u Na  Ja Ja
where U=C,T is a specific value of the interior energy of ideal
gas, G, =C'y / u is aspecific heat capacity, €) =icl) =3IR/2=iR/2is
a molar heat capacity of ideal gas, besides t = ﬁr,up. Since the specific value

of the interior energy is U=dU /dm (where U is an interior energy of a
spheroidal configuration of ideal gas, dmis an elementary mass) we can
suppose that dU /dm =~U /M at the initial stage of formation of a spheroidal

body with the total mass M . Then taking into account the formulas (19), (40a)
we obtain that

2
u~ 2 M e
T 2

whence 7 ~ 4/ 3in accord with Eqg. (26), i.e. the gravitational potential energy
is spent by the interior energy during the initial stage of formation of a
spheroidal body.

The combined law connects the mechanical values a and € in the left part of
Eg. (38) and the statistical (thermodynamic) values & , T , I and M, inthe right
part of this Eq. (38). It means that a stability of the mechanical values (including
the angular velocity . and the major semi-axis & of a planetary orbit) depends
on a statistical regularity of the right part of Eq.(38). Thus, we conclude about a
possibility of presence of statistical oscillations of motion in planetary orbit, i.e.
the oscillations of the major semi-axis a and the orbital angular velocity Q. of
rotation of planets and bodies around stars. Really, this conclusion is completely
confirmed by existing the radial and the axial orbital oscillations of bodies for
the first time described by Alfvén and Arrhenius [1]-[3].

(40b)

3 Conclusions

We investigate the stability of planetary orbits based on the statistical theory of
gravitating spheroidal bodies [4]-[11]. Using the obtained universal stellar law
(USL) and the modification of the USL connecting temperature, size and mass
of star (see Table 1) we show that knowledge of some orbital characteristics of
multi-planet extrasolar systems refines the knowledge of the parameters of the
stars based on the combined Kepler 3 law with universal stellar law (3KL-
USL).
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Really, the combined 3KL-USL law connects among themselves both the
mechanical values (the Keplerian angular velocity ¢, and the major semi-

axisa of a planetary orbit) and the statistical (thermodynamic) values (the
parameter of gravitational condensation o and the temperatureT) in the
Eq.(38). It means that a stability of the mechanical values (entering in the left
part) directly depends on a statistical regularity of the right part of the 3KL-
USL equation. This relation points to a possibility of presence of statistical
oscillations of body motion in planetary orbit. This conclusion is confirmed by
existing Alfvén—Arrhenius’ radial and axial orbital oscillations of bodies [1]-[3].
This work also shows that the stability of parameters of planetary orbits is
determined by a constancy of the specific entropy (39b) in conformity with the
principles of self-organization in complex systems. Therefore, the proposed
3KL-USL explains the stability of planetary orbits in the extrasolar systems.

References

1. H. Alfvén and G.Arrhenius. Structure and evolutionary history of the solar system. I.
Astrophys. Space Sci. 8:338-421, 1970.

2. H. Alfvén and G. Arrhenius. Origin and evolution of the solar system. II. Astrophys.
Space Sci. 9:3-33, 1970.

3. H. Alfvén and G. Arrhenius. Evolution of the Solar System, 4™ ed., Sci. and tech.
inform.office of NASA, Washington, 1976.

4. AM.Krot. Use of the statistical model of gravity for analysis of nonhomogeneity in
earth surface. In: Proc. SPIE 13"4nnual Intern. Symposium “AeroSense”, vol.3710,
Orlando, Florida, USA, pp.1248-1259, 1999.

5. A.M. Krot, On the principal difficulties and ways to their solution in the theory of
gravitational condensation of infinitely distributed dust substance. In: Sideris MG
(ed.) Observing our Changing Earth, vol.133. Springer, Berlin/Heidelberg, pp. 283-
292, 2009.

6. A.M.Krot, A statistical approach to investigate the formation of the solar system,
Chaos, Solitons and Fractals 41(3): 1481-1500, 2009.

7.  AM. Krot. A quantum mechanical approach to description of initial gravitational
interactions based on the statistical theory of spheroidal bodies. Nonlinear Sci. Lett.
A 1(4):329-369, 2010.

8. A.M. Krot. A model of forming planets and distribution of planetary distances and
orbits in the Solar system based on the statistical theory of spheroidal bodies. In: de
Rossi M. (ed.) Solar System: Structure, Formation and Exploration, ch. 9, Nova
Science Publishers, New York, pp. 201-264, 2012.

9. A.M. Krot. Statistical Theory of Formation of Gravitating Cosmogonical Bodies,
Bel. Navuka, Minsk, 2012. — 448 pp. [in Russian].

10. AM. Krot. A nonlinear Schrédinger-like equation in the statistical theory of
spheroidal bodies. Chaotic Modeling and Simulation (CMSIM) 1: 67-80, 2012.

11. AM. Krot. On the universal stellar law for extrasolar systems. Planetary and Space
Science 101C: 12-26, 2014.



12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.
26.

27.

28.

29.

30.

Chaotic Modeling and Simulation (CMSIM) 4:513-529, 2017 529

V.S. Safronov. Evolution of Protoplanetary Cloud and Formation of Earth and
Planets, Nauka, Moscow, 1969 (reprinted by NASA Tech. Transl. F-677,
Washington D.C., 1972).

F.R. Moulton. An Introduction to Celestial Mechanics, Macmillan Co., New
York/London, 1914.

I. Newton. Principia Mathematica Philosophia Naturalis, 1%ed., Streater, London,
1686 (reprinted by University of California Press, Berkeley (CA), 1934).

P.S.M. Laplace. Traite de Mechanique Celeste, Duprat J.B.M., Paris, 1789 (Celestial
Mechanics, reprinted by Chelsea Publ. Co., New York, 1966).

F. Fressin, G. Torres, J.F. Rowe, et al. Two Earth-sized planets orbiting Kepler-20.
Nature 482: 195-198, 2011.

C. Lovis, D. Segransan, M. Mayor, et al. The HARPS search for southern extra-solar
planets — XXVII. Up to seven planets orbiting HD 10180: probing the architecture
of low-mass planetary systems. Astronomy &Astrophysics 528: A112, 2011.

G.W. Marcy, R.P. Butler, D.A. Fischer, et al. A pair of resonant planets orbiting GJ
876. Astrophysical Journal 556: 296-301, 2001.

A. Poveda and P. Lara. The exoplanetary system of 55 Cancri and the Titius—Bode
law. Revista Mexicana de Astronomia y Astrofisica 44: 243-246, 2008.

J.Schneider. Interactive extra solar planets catalogue.
http://exoplanet.eu/catalog.php, 2016.

J. Laskar. On the spacing of planetary systems. Phys. Rev. Letters 84(15): 3240-
3243, 2000.

J. Jeans. Astronomy and Cosmogony, University Press, Cambridge, 1929.
G. Nicolis and I. Prigogine. Self-Organization in Nonequilibrium Systems: From

Dissipative Structures to Order through Fluctuation, John Willey&Sons, New York,
1977.

G. Nicolis and I. Prigogine. Exploring Complexity: An Introduction, W.H. Freeman
and Co., New York, 1989.

H. Poincaré. Lecons sur les Hypothéses Cosmogoniques, §74, Paris, 1911.

S. Chandrasekhar. An Introduction to the Study of Stellar Structure, Cambridge,
University Press, 1939.

Temperature of the Sun's Corona. In: The Physics Factbook (ed. Elert G), 2000.
Fair Use website. Available from:
http://hypertextbook.com/facts/2000/CCoraThomas.shtml.

B.M. Javorsky and A.A. Detlaf. A Handbook of Physics for Engineers and Students,
Moscow, PhysMathGiz, 1963 [in Russian].

L.D. Landau and E.M. Lifschitz. Mechanics, vol. I, Nauka, Moscow, 1973 [in
Russian].

L.D. Landau and E.M. Lifschitz. Statistical physics, part 1, Reading (MA),
Addison-Wesley Publishing Co., 1955.


http://exoplanet.eu/catalog.php
http://hypertextbook.com/facts/2000/CCoraThomas.shtml

